§ JAF T
pan:d
il only
omee ol
i, (The
b (hnt

kn
sixined
a1t
LT

YT,
ol
i every
4,

g Hinenr
i banic
, special
ek their
e their

Ll i
o
 use that
| matrix
ie o W
ytin an
el LE poww

A}
|

bgauss
}]lcr with

St
TS 111
. forms
RstmcLors
YO Ay
'HI:,.' illow

bpaces
T ugan in

I3 = Egdutibms 11

For solving homogendous systems, the text recommends working with the sugmented matrix, although no
calculations take place in the augmented column. See the St Guide comments on Exercise 7 that illistrale
o Enmmion siudent érrors,

All students need the practies of Exercises [-14. (Assign all odd, all even, or a mixture. If vou do not
assign Exercise T, be sure to assign both 8 and [00) Otherwise, o few students may be unable later to (nd o
basis for & null space or an sigenspace. Exercises 29-34 ared imporant, Exercises 33 and 34 help students later
undlerstend how solutions of Ax = 0 encode linear dependence relulions arviong the columes o A Exercises
35-38 are more challenging. Exercise: 37 will help students avord the standard mistake of forgetting tha
Thearem b applies only o o combvren equation Ax = b,

Ii Redues the augmented matrix (o echelon form and eirele the pivid positions. I a column of the
coefficient matnx 15 not a pivol column, the corresponding variable is free and the system of equations
has & nontrivinl solution: Otherwise, the system hos ondy the trivinl solution

1 -5 8 0] [2 =5 R u] (B =5 8 0
37T f=lo =12 9 0l-{0o & 9 0

1 2t 0 {] g =0 ] !_n n "0 0

The varlable x; s free, so Uke system has o nontrivinl solution

TS Tl S oy |1 % o iR EE=a BT o
=3 1 =4 al=tn =% (0ot oGS 100 6
I 2§ u_| Lo 8 2 o] Ufed foaR) o

Ihere i no free variable; the systom b only the trivial solation,

T

The varinble xy 15 free; the system has nontrivial sofutons.

=3~ 5§ =1 0] 1. 5 -7 0]
O B R <

At alert student will realize that row operations are unnecessary, With only two equutions, there can be
i st two basic varobles, e varinhle s be free, Refer (o Exercise 31 [0 Seotim 12,

I =2 & 0 [(D=2 & 0

3
=5 7 % 0] 10 E) 9 0

.y i6 o froe variable: the system has

nentrvial solutions. As in Exercise 3, row operations are unnecessiry.

A

b R GRS O LBl 1 0 = 0] fDio =5 4

ik L) =) 3 &, -|I} 3 b Di|=p0 LEE 20 g
{ .} % SN L I | 0 =3 =i 0 1 N |H i [F i 1

(H = Sx =0

|:i'| + :T_.

K]
da
(]

(). 'The vanable x5 free, & = S5, und o =2,

=1
Al ] [
In-parnmetyic vectar form, the genernl solution i x=| 1, |=] =2%, = ¥ | =2
5 | ! o - = ]
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|3 -8 n] 3 | 1 3 -5 0 F}- g ‘2 0
a1 4 -8 L T n~.n 23 ol-lo @ 3 0
3.7 9 0] [0 2 o| lo © ol oo o w0

Q::J — 3z, =0.1The virtlable vy i free, o = =42, prd s = Axs,
il

i
1l

(x] [-4%] -4

In parametric yestor fom. the sencral solution i x=| & (=] 34 =5 3l
X T I

- i TS O O 1 14 p L S 0] &) + 9x, — Bx, =10
D 1 —4 %5 o (o @4 3 0l @—4.-:.,+Sx,=ﬂ

The busic variables ure xj anidl 13, with x; and x4 fFee, Next, x; =—%x; + 8xy, 40

seneral solution i

| N | | =ty I-H.l.'.] [-"ix,‘" By | =4 R
4 | dx: =51 qx% =51 4 —5
1 i F E L P 3 X, NS

L= s

I_l I .'[_|_ | .i'. ﬂ i I.I

1 &2 =9 5 |J i -5 =7 0] @ =T 7.1-4 =0
el b 0 Q) 2 =6 0f @Fin- , =0

The bale viriables are x and 11, with x and
solution in pufanmn-. yector form 15

ER BEAD L
-0 %\ =21, 401, 4 —'."..1_,,‘\| By el =2 v il
Xy Xy X, 0 = 1 | 0
=) L = \ | 0 J Gl ‘ | Ul [
g Pegi oy Th :1l || -3 2 } 1 0] @t In =0
G I e A R l il 15J Q=0

The solulion 1#x, = 3; = 235 with x; and x; free. In parametric vector firm,

[3[;—31’,' '_3'.1'] |—11;_':| ‘3 |_1
= Xy |=‘ Lol 1 T |="1. L {3 O
s TG T
Rl N it e S A 0] &) = 3% — 4x, =0

!
0. .
I B 0 b =0

(2 6 0 & 0O
The only hasic variable i5 . 80 %2, T and ¥ are free. (Note that X3 is ot pero.) Also, 1)

peneril golution {&

[ B ‘tl'j A The

= 3y

¥, free, Next, xy =350+ Toa a.nrl Xz =—2¥%; ¥ Ox. The g eneral

Ay, The




S

The solution set is the line through

[ 0

system in Exercise 5,

16, Row reduce the augmented matrix for the gysiom:
[1 =8 Al 1 3 =% -|] [I I =5 4] 1) D 4 -5

plve R, R M ot £ CENR (= B & o5 () T N S o Y I O o S Tl
=3 =7 9i=8) o =5 E.J poSip st Sl e o
(x) +4dx, ==§
) :
=3 = . Thusx = -5 —dxy, x: =34 3, and x5 18 free. In paramelric vedtor form,
G =
[ %] [—.‘T-—-h_,_' -ﬁ| -4x, | [=5 [—4]
h K=l L= 3bdy (= 30+ 3nl=l3lexl 3
5 o I
I'__el'-
The solution set 15 the line through { 3 | parallel 1o the line that is the solution set of the hamogeneous
I
phve 1|J

syelem h Exgrcise 6

1.8 = Solutlsns

1|y parnllel to the line that ds the solution set of the homogengous

7. Bolve x; + 913 —dxy = <2 for the basic variable: vy = -2 Oxx # Ay, with xz imd x4 free, In vector form,

the salution s

W | [2=9% +4x, | [-2] [~931]) [4x] [=2 | -9 4

=l = K o L O 1 LR 1 BN r,| O
x| R T e x, 0 o] |1

The solution of ¥y + 9z —Axy = 0 {8 x; = Dy, 4 4x:, with x; and x5 free, In vector form.
E | ~Gx, + i | [ O | 4, =) E

A=l x| = T, =1 Xy [+ 0 =Xy e 0] = na e ne

e solution set of the bomogeneous equation is the phane through the origin in R’ spansed by

wand v, The selution st of the nonhomogeneous equation is parallel to this pline and passes theowgh the

paint p (h
(i

I8, Balve x) - 3k + Soy =4 for the basic variable: g =k 3 — S with xy and & feee In voolor fom, the

solution is
] (3= [4] [3] [Su] [4 3 -5
X=(gy | = s =l 014 el 0 (= 0l+xy] Ll+xy] O
B X 010 l X | 0] o] | 1
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The solution olx; —3x: | Lo, = 0 inx; = 32} Sy, with x; and £ free, In vector foTim,
|'.-.|'| [3x = sx. ] [« 5 —5.1-.] [ ?-1| [=5]

A =| Xy |—| X 4 -|-| (r -=.-.-:| i -.x-,| ﬂ| - pall T XY
5] 1L & |_“J L‘*»d| |”J | 1]

The solution st of the homogenenis giyu
homogeneaus equation

A

ph the origin in R spanned by u and V.

gtion is thie plane throu
is plane and passes threstagely the

Thie solution st of the non i puratlel to th

[ 4

point p = [0
L0
x =1 + i b, whene f represcnis i paririeled

19, The line throdgh a pirallel fo b can be wIthen a5

[l |-—3']. l | _.5"| i.l.', =—2 =5
. N e ] -
' |_"":J MLE ri_ 3 i.” X, = 3

30 The ling theough & parallebto b cian be wrillen 05 %

X Tk :I.I'| +II|'_|.-;'||.UI j .1.'-I =T}

i+ th, where f represcnis i purameler:

31 The line through p and q s purallel 10 g -
{—1—21 \'—5' et
= | = i i 5l = + — ==
ij-=p l—{-ﬁj_! Hll!lll write the line sex =p + 14 ph |_--F

. foem

e g
12, The ling through p and q 15 parnlle] o q—p. So, given p =| ; | and g -—ll 4

i | 0-(-6)] ) and writg the lino is X il } | 6| | 6
- s . W o o 1L = - P == =
L 5 I_J'J |__T.: P °F . '1'| l'u"_l

Note: Exercises 21 und 32 preparc for Exercise 27 in Section. 1.5

ection fitled Homageneois Litear Syxfen

the subs
Geo the subsection entitled

23 @, True, See the first pamgraph of

b, False. The equation Ax=0 glves.an fmpii
Parmeiric. Vector Fornn,

¢. Fiilie. The equation Ax =0 ahvavs

montrivial insted of frbvi,

d. False, The line gues through p p
¢. False. The solukion s sl be danpryt The stalement (fram Theoroin &
sxluts a veetor p such thoat Ap= by

¢ deseription of its solution et

lias thse trivinl solution. The hox belure Example 1 uses the ol

qraliel to v; See the paragraph that pregedes Fig. 2
i true only when there

34, a. Filse A wontrivial folution of Ax-= 0 is any nonzero-x that sansfes the equation. See the

sentence before Example 2,

b, True. See Example 2 andl the prragraph following il
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34,

, Lookat x| 7+ 21

=2 =1

and nostee that the secomd column is 3 times the first. 5o sntable values for

3

Inspect how the columns ay and a; af 4 are related. The second column is -3/2 times the first. Pot

- =

¥ and v would be 3 and —| respectively. (Another pair would be 6 and -2, ele.} This x=

snttshies A5 =1,

another way, 3a, +2u; =10, Thus | _ | satisties Ax = 0.

MNote: Exercises 33 and 34 set1 the suge for the concept of linear dopendence,

15,

36

i

Look for 4 = [y ny aq] such that Fag - Lig + Lrag =4, That is, construct A so that esch row siwm (the
sum of the eniries in o oW} 18 Zero

Look ford =[m, @ a3]such that 1-a; — 2-a;+ 1-a; =0, That i, construct A so that the sum of the
first and third columns i twice the second column,

Sinee e solution set of 4x = 0 containg the point (4,1), the vector x = [4,1) satisfies Ax = 0. Write this
equation as a veclor equation, using &, and a: for the columns of 4:

Hay ot ey =10
Thin ay= ~du;, So choose any nonzero vector for the first column of A4 and multiply that column by - 4
: —
tir gl the secand column of . For examiple, set A = =

Finally, the only wiy the solulion set of 4x = b eould nof be parllel 1o the line through (1,4) anel the
arigin 15 for the solution set ofAx = bto be empry. This does not contradiet Theoretn 6, becatise that
theorem applies only to the case when the equation Ax'= b has a nonempty solution set. For b, take any
veotor that 15 not a multiple of the:columns of A,

Note: In the Studv Guide, o “Checkpoint” for Section 1.5 will help students with Exercise 37.

I8

39,

Al

N, If Ax =y hus ne solution, then A cannot have a pivet in each row. Sinee A is 323, it has at most two
pivet positions. So the equation 4x =z for any # has at most two busic vanables and at least one free
virinble, Thud, the solution s for Ax = 2 is either empty or has infinitely many eléments.,

IT u satisfies A% = 0, then An =0, For any scalar e, Theorem 5{b) in Section 1.4 shows that (o) =
cAn=g=I1l.

Suppose Au=Dand dv = 0. Then, since Af{u + v) = du +Av by Theorem $(a} in Section 1.4,
Al +v) = dn v =0+0=10),

Mow, let c and & be sealars. Using both parts of Theorem 5,
Alew + dvy = Aleu) v A{dv) = cdu = ddv = ol + M) =10,

Note: The MATLAB box in the Snecfy Guigde introduces the zexea commend, in order to sugment o matrix
with m column of eeros
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Lo nior o =1 100] [y o100+ x,
g 1 ‘0o i =l i R A
=T s G BRI L . The generl salution 15 Sl
¢ 00 1 0 =1 =i ry ==X
oo 1 =1 3 X, =304 5,
g 0 0 0 ] X s Tree

Sinee vy cannot be negative, the minimum value ol x, 18 /1,
Note: The MATLAB box in the Stdy Guide discusses mbional caleulations, needed for balancing (he

chemical equations in Exercises 9 and 10, As usual, the appendices cover this material for Mapls,
sathematic, and the T1 and HP graphic caloulstors.

b i SOLUTIONS

Note: Key excrceses are 9-20 and 23-30, Exercise 30 sutes o result that could be o theorem i the text, There
i o danger, however, that students will memorize the result without understanding the proof, and then later
i up the words rew and column. Exercises 37 and 38 anticipale the discussion in Section 1.9 of one-to-one
transformitions, Exercise 44 is fairly difficult for my students.

1. Use an augmented matrix 10 study the folution set ol + 6y = oW = 01 (), where u, v, and w ore the

TR U TR e {|'|
thvee piven vectors, Sinee' [0 2 4 0[=10 @ 4 0], thore arsno free variabes. So the
0 <6 & 0f |0 0 &) 0

homozeneous equation (%) has only the frivial solution, Ihe veotors are linearly independent.

[ 25

. Use an gugmented milny o study the solution sel ol xju-tmy + o= 0(*1; where u, ¥, and ware the
g 0 =3 o] [@=F 1 0

three givenvectors, Sinee |00 5 4 0= (0 (3] 4 0], there:areno free variables, So the
"
2 -8 1 o] o 0 & o0l
homogeneats equation (*) has only the trivial solution. Thie vectors are lincarly independent,

L

- Use the method of Example 3 (of the box following the example), By comparing entries of the vectors,
s sees Lhat the second veetor-is =3 (imes the first vector, Thus, the two vectors are linearly dependent.

=11 =
i [ imkly be 2
o B2
itnos the first victor, But thee is o sign problem with the second entries. So neither of the veetors i i
multiple of the other. The vectors are linearly mdependent.

4 Fram the first entries in the vestors, it seems that the second vectior of the peair

5 Use the method of Example 2. Row reduce the augmented matrix for dx = 0

0 =& % 0] RS T R,y I o LR Pl | [’l 2 0] =% Z o
1 <5 4 ol '[3 27 490 (¢ T =2 0f M 20 =2 0 10 ) -2 0
SR A oo ST S T o R S 1 o o 0 oolje o &3o
1 -3 20/ |o -8 5o lo -8 30 [u D' =3 u] 0 o 00
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10, a. The vector ¥ i in Span {v;. v} if and only if the sgquation x, ¥, +X2¥: = ¥ahas » solution, To O oul,
eow reduce [v; ¥2  Val, considered as an wuggmented matrix:

=2 I b2 2
=20 100 <9t<lo. o (D
1 T X R

At this potnt, the equation 0 =1 shows (hit the original vector equation hos ne solution. So v, 15 tn
Span|vy. vzl for o value al f

b, For 1v,, vs, %1 to be linearly independent, the equistion &,y + v+ xiva = must have only the
frivial solution. Row reduce the sugmented metrix [v; ¥ vy O]

=T L e T e R 4|'|
£ 0 =4 0l=|0 0 I =0 0 @ 0
=5 & & nliya 0 kes D |[J n HJ

For every value of i, vy 1s o free variable, and so the homogeneous equation has a nontrivial solution,
This (%), ¥2, vy 160 lineaely dependent sct for all fr.

11, Tostudy the linear dependence of three Veclors, Say ¥i, Vo, ¥a, fow redduce the augmented matox
[vi ws wooQ)
v = ol 100 A o[ A = o]
Sp =5 5 nl=lor =z 4 0fslonED 4 0
L4 7 & 0] [0 =5 #+d 0 0 0 k-6 0

The equation x; ¥ =~ £¥a T &Y= 0 hias a nontrivial solution if and only ifh - 6=10 {which corresponds 1o
1y helng o free variable). Thus, the vectons are lineatly dependent il and only (Ffr = 6,

12, To study the linear dependence of three VOCIoms, Sy Vi, ¥, Vi, Tow reduce the augmented malrix
[vi ¥ vy N
|' 2 =6 % 0] 2 6. 4 0]
4 7 Kk ol=lp &3 h+le 0
| =3 4 0 o ol 0 0

The equotion xp¥; + TV + v = i) hias a free varable and hence a nontrivial solution no matier what the
virlue of i, So the vectors are Hinearly dependent for all values af h.

13, To study tie linear dependénce of three verlors, sy ¥y, ¥a, ¥y, TOW resfuce the angmented matnx
[vi v v Qf
R T 1 e B SER R A
5 =9 Ol=|0; () k=15 n‘
= 6 % U (0: D 0 1]

Theequation v, + vz = tvs =0 has a free variable and hence & nenteivial solution no matier whit the
value of fi. S6 the veetors are linearly dependent for all values of fi.




{ vul,

o,

[{CRT

 he

the
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14, To stucly the Hnear dependence of three vectons, say ¥, Vo, ¥, row reduce the augminted matrx

16,
17,
15,

19,

210.
1.

¥

[vi v v D:

(5 =85 10 [ =5 I 0] [ -5 | V)
|-| o ool=in 2 2 ol=in D 2 0]
!—.‘r g ok 0] |0 =7 b3 D) [0 0 K10 0]

[e equution v, + xavy + xpvs = 0 hasa nontrivial solution if and only i1+ 10 =0 {which corresponds
to xy Being o fiee variable), Thus, the vectors are linearly dependent ifand only
it h=-11.

. The set is linearly dependent, by Theorem 8, because there are four vectors in the set but only two entries

in eueh vector,
The set is linearly dependent begnuse the second vector s /2 times the (it vector,
The wet i linearly dependent, by Thearem 9, because the list of vectons containg o 2er vectol

The set s linearly dependent, by Theorem 8, beciuse there are four vectors in the set but only two entries
in each vector.

The set is lingarly independent beesuse neither vector 15 a multiple of the other vector, [ Two of the
entties in the Tiest vector are = 4 times the comesponding entry in the second vector, But this multiple
doez not work for the third entrigs:]

Theset is linearly dependent. by Theorem 9. because the LSt of vectors conlaims: & 2eny vecior,

n. False: A hinmogencous system alwaps hos the trevial solution. See the box before Example 2.
b. Fulde, Seeilic worming aiier Theorem 7,

e. True: See Fig. 3. atter Theorem 8.

d. Troe See the remark Tollowing Example 4,

i TroeoSee Fig 1

| 2
b, Fulse. For instance; the set consisting of | =2 and | 4 | is lincarly dependent. See the warning after
3 6|
Ihearem H.
. True, See the remurk following Exumple 4,
d. False. S¢e Example 3(a),
- m ) I|
k. * . - . = 3
B I Il 1 0 m R |
h m * 24 i |., | 25, urtd |
0 a1 oo 0] L o o
00 'm | | | J



26,

17.

14,

29.

0.

a1,

X2,

3.

38,

CHAPTER ] = Linesr Equationd in Linear Algebo

o
1 T . - ;

M Tlie colummns must Hnearky independent, by Theorem 7, because the first column is not
n o o

reto. the iecond column §s not a multiple of the first, and the third column 15 not & linear combination
of the preceding two columns (because us i nok in Span (a4, a3 ] ).

All five columns of the 7= 5 matris 4 must be pivid columus, Otherwise, the equation Ax =0 wotild hive
a froe varlihle. i which case the columng of 4 would be lincarly dependent.

(1 the columny of n 57 matrix A4 span B, then A has o pivot in-each row, by Theorem 4, Since each pivol
position is in 3 different column, A4 has five pivol columns,

At any 3%2 moirix with two nonzerg columns sich thit neither column ih 8 miultiple of the other. In this
ctie the columns are finearly. independent and so the equation 4x = 0 has only the trivial solution,
B any 3=2 matrix with one columaa multiple ol the other,

"

b, The columns of A4 are linearly independent if and only if the equution Ax = 0 his onty the trivial
solution, This happens iFand only il 4x = 0 has no free variables, which in tum happens iCand only it
every variable is o basic variuble, that is, iFand only il every column of A 15 a pivot edlumn,

Think of 4 = [#) #: @] The text points out that o, = f; + 8, Rewrite thisasa, + oy —a; =0 As 4
matrix equation, Ax=0 for x=(1 1, -1}

Think of 4= [#; B2 @3] The fext paints out that ) + Zay = 8. Fewvrife thin aimg + 2oy - omy = 0 Akn
matrix eoquation, 4% = 0 farx=(1,2,—=1%

True, by Theorem 7. (The Sty Erride ndds another justification. )

Triie, by Theotem 9.

 Fiilse, The vector v could be the 2oro vector.

. False, Counterexample: Take vy, vy, and v all to be multiples of ane vector, Take vy tobe not a mulupie

of that vector. For example,

1] [zl 1] T4

[ _=E = 1 4
Mt 1t Y AR 7Y iR
(D 1 R 1 €

“Trie, A linear dependence relation among i, vs, ¥ may be extended to o linear dependence relation
AETONE Vi, ¥z, ¥V, Ve by placing a zero weight on ¥a

True 1f the equation x¥ Hag¥: T3V = 0 hiad o montrivial solution (with a2 least one of X, XX
nonzero), then so wentld the equation 1y, eV © v oy, = 0, But that cannot happen because

tvy, Ve, Ve, vl Tinearly independent, So (v ¥z, Yo} must be linearly independent. This problem can
nlso be solved gsing Exércise 37, if you know that thi sttement there 1s rue.
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| fivenr
pentnl
frve i
rare i
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' Uese
prvher

e —

TR T
L v
gick il

) these
nilows
Wo are

i.n: Eine
s 10

g 31 10

3[4 n]={=2 1 s Fl=|0
i =2 =5 3| |0 =2

] it S T B B 4 [t o
=0 1 2 Ef=l0l ol
o on o9 kAl B oL %

T T IR [ i O R
{l . I =3 g 0 =3
IS R R H I 71T S TR

L% ]

LB+ Salbutioum (L]

=11 [1 0 =2 -|‘|-
3 I e S L i
04 [0 00 o5 10]
3
I |. unigue soluthon
2
(a1 J | - 2 6
7 0 l -4 7
=27 §] ] | I
=
=3 |, uithique solution
|
2] [ 0 3 3]
8 B R B

1
Mote that o solution s mor [ (] iy awond this common arror, write tho equations:

f-trj + i = 3
(4 + 2 I

[w] [3-35] [3

X = --.'-I_liI

and solve for the basic varinhlest | x, =125,

r'-':g kﬁ 1:“:5:
-1

Genaral solution ®=| x, [=|1=2x, ¥y | =2 !.I"u-r i particular solution, one might choose
5] | & [ |‘
3
o= Dpnd. x|l
..“
U [ S0 1] et - R i Rl 15 R RN i (3 7 S AT ?]
ﬁ_“h]__:sfrinzznn11xn{j1|3
! A SOST FCCES G B VA GO GO A TR T T O T WA PO
=3 8 =~ =] |0 =1 =" =3 [0 0 00f |0 0 0y
[:{Z} + 3y = 7 i.'_T. 23
- : 4y = A=1
I T N i
- (¥ 18 [Tee
% T=3x | { -3 T
Gieneral solution: x=| &, [=] 3=nx, I: i ».1.;'—[ . one cholee: | 3

Xy o4 L0

| {1
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column of A i in R°

i = 52 the domain of T is R, beeause n 6= 5 matns has § colunins and for Ax to be defined, x mrust be m
R b =6 the codomain of T 18 R" because Axis 4 Iln_::ur combimation of the columns of £ and each

A must have 5 rows and 4 columps, For the doemain of T 1o b R, A must hove four columns so thal AX ik
defined for x in Y. For the codomain of T1o be R, the columns of 4 must have five entries (in which

cade A st have five rows), because Ax i o Jinear combinmtion of the columns of A1,

| bo=4 7 =5 0] [ |
i Solve dx =010 1 3 =t
3. 6. 6 4 nJ I_{.r
e =88 7 ol &) — O
|0 ) = 3 0 E"" —rdx
_ri i 1 ]
i | Gy = 1%, ‘ b | =3 '!
iy Ay, =k, i ]
= = (E 50 o v
X T | | Ll
Xy l L PR | LY §
i A ¢ 2 41 T
iy 03 =4 0l lo
cSolvedz=0.| o o 5 4l=ly
=2 2 % oo
Pl ] 2 1.I| (1 3. 9
| RPN B I O o 1 2
0.0 0 s ol 'lo o o
o0 0 18 0f |0 i n
fx =—=1
T L TN TN T e
T |'|_'- T ':'-Ir|
(xs) + Xy = Wit 4
el - X 15 Thea
) =0
Soal .||_|=u
1.
| -4 g R, TS | | = T
(¥ | - i lijf=11} 1 =
|? =M I HJ lli 2 —n
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Is the system represented by [4 b consistent? Yes, as the following ealoulntion shows
o

fy—-4 7 -5 =l
5 ) I o = (R TR
lo o o o o

The system is consistent, so b {5 in the range of (he transformation X — Ax.
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CHAFTER 1= Linenr Equatiees in Linser Algehm

Drsiw  Tine through 'w parallel to v, and draw a line through w parallel o v, See the left part of the figure
helow. From this, estimate that w = u+ 2v: Since T is-hnear, T{iw) = T{u)+ 21v). Fasiate T and 27{v)

st i the right part of the figure and form the asseciated parliclogram o locate T{w)

All we know sre the imuges of o) and es and the fsct thist T is linear, The Yoy iden i o write

5
% =$
Bl
Tix) = T30 — 3ea) = 57{e ) —3TMes) = 5y, -3y = S[
i

1 i¥] i
IZI:| = ,!.r IJ = §u, =g,. Then, from the [inemrity of T, wiile
3

s | ;[1.1‘]_
o

-

- -
|

- . Ak i | 0
To [ind the image ol , observe that x = _F I
o L DJ I

o8
+ X
5 A

Uk the bagic défindtion of Ax weonstroet A, Writs

Fal [ ] [—1 T
Tix)=x v+ XV = ) lx, A
11] '||"| I tl"‘ 1‘| T_]LI:I =||- 5 _3-:1 I j _3

= ¥t + Xz Then

{25 —X

T1x) = Tlrey + xsta) = Tley )+ xalle) = x5

.__ i Sx +hi,

g True. Functions (rom R to R™ are defined helore Fig, 2, A linear transformution is 4 function with
cernin propenies,
b, False, The domain is RY. See the paragraph before Example-1

¢. False, The range is the set of all lingar combinations of the columns of 4. See the paragroph before
Example 1,

d. False, See the paragraph-afier the definition of a linear transformation.
e True See the paragraph {ollowing the box that contains equation (4),

i Troe, See the puragraph following the definition of u linear tonsformation.

b, False, 104 i mr s matriy, the codomain is R See the paragraph before Example 1.

¢. False. The question is an existénce question. See the remurk about Example 1(d]. following the
golution of Example 1

d. True, See the discussion following the definition of a linear ransformmnation.
¢, True, See the paragruph following equation (3).
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Chiven any x in R", hare are constants i, .., ¢ such that X = ogw; + oo, Beease vy, ..., ¥y Span R
Then. from property (51 of a linger transformation,

M=)+ ~rollv) =t +gli=0

Any point x on the line through p in the diréction of ¥ siutislicd the PUEITELES gquation
x = ok gy For some valte of f By linearity, the image Tixh satisfies the parametric equation

fx)=Tip +v)=Tip) 1+ 1TTv) ")
IE 10wy = 0, then 7Tx) = Tp) for all vilues of ¢, and the image of the original line is just o single poinl,
Otherwize, (*) is the parametric equation of o line through Tip) in the direction of fv],

Any point x on the plane £ satsfies the parumetric equation x = yu + v [or some values of and £,
By linearity, the image F1x7 satisfies the parimetac equation
Tixh = xToul + v (i tin B 1™
The set of images is just Span{ o), 7). 17 (o) and 7{v) are nearly independent, Span | Fiu), Tivi; s
a plane through Tud, v L oand O, 11 7o) and T(v) are linearly dependent and not both zero, then
Span | T{u), 7Tv)} is a line through 0. 10 TTu) = Tiv) =0, then Span{Tu), Tiv)] is 10},
1. From Fig. 7 in the exercises Tor Section 1.5, the ling through Tip) and Tiq) 1s in the direction of q - p,
and so (he equation of the lingis s =p=Aq=pl=p tg-m=L1 =0p +m
b, Consider x =(1 —r)p + rq for { stich that 0 < ¢ < 1, Then, by linearity of T
HNx)=Nl=np+m={l -nHpr+aigqy Q=421 41
I Tipland Tlq) are distinct, then (*) ik the equation for the line segment between T{pland Tiq), as
shown In part (8} Otherwise, the set of images 18 just the single poil Tip), because
(L =0OT(p) + eflg) =01 =0T ip) + ofip) = Tip)

| Consider o point & in the pacallélogmm determined by uand v, sy x=agu+ by for<az |, 0 S b £ 1

By lnerity of T, the image of x 15

Mxp= Tau+ bvy=afu) + v, forb<a< 1, 0<b< | (*)
This image point lies in the purallelogram determined by 7o) and Tiv),
Spechil “degenerate™ cases arise when o) and T{v) are linearly dependent. 1 one of the images is nol
gero, then the “parallelogram™ s actually the line segrment from 0 to T{u) ¢ 7(v), 17 both TTd) and T(v)
are zeto, then the parallelogram is just {0}, Another possibility is that even u and v ire Linearly
dependent, in which case the original parmllelogram i degenerate (elther o line segment or the 2o
vector), Inthis case; the set of images must be depencraie; 1o,

W w, When b= 0, f(x) = mx. In this case, for all x,v in R and all scalars ¢ and o,

flex+ o) = mcx - dp) = mcy = mcly = o) + ] = e (e p b dbf (v)
Tl slicows et £ s lineor,



