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sFora < 0,dy/dt < Ofor —/—a <y < v/—a,anddy/dt > 0 fory < —+/—a and for
y > +/—a.
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urce. Since it is
‘and some Stops
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ne in front of it.
uccessive trains.
itcr of trains will
!our trains during
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Phase lines fora < 0,a =0,and a = 0.

2. The equilibrium points occur at solutions of dy /dt = y% 4+ 3y 4+ a = 0. From the quadratic formula,

we have
—3+.9—4a
¥ = = g, "
Hence, the bifurcation value of a is 9/4. For a < 9/4, there are two equilibria, one source and one
sink. For @ = 9/4, there is one equilibrium which is a node, and for @ > 9/4, there are no equilibria.

~3+9=7a A

Ea/ﬁ, and nothing 5

en trains, but we
g that perturbs x
|

0 a schedule that
I‘ay have to wait if
isly crowded train

-3 -9 —4da
2 A

a<9/4 a=9/4 a>9/4

.l Phase lines fora < 9/4,a = 9/4, anda > 9/4.
|
l 3. The equilibrium points occur at solutions of dy /dt = y2 —ay + 1 = 0. From the quadratic formula,

we have
a+~at—4
> .

If =2 < a < 2, then a®> — 4 < 0, and there are no equilibrium points. If @ > 2 or a < —2, there
are two equilibrium points. For a = %2, there is one equilibrium point at y = a/2. The bifurcations
occur at a = £2.

To draw the phase lines, note that:

| g
Lare no equilibrium
equilibrium points,

sFor -2 <a <2,dy/dt = y2 —ay + 1 > 0, so the solutions are always increasing.
sFora=2,dy/dt = (y — 1)2 > 0,and y = | is a node.
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8. First we set

9.
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C = 0 so that the population can gro
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24 47 < 0. In other words, ther
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We have fo(0) +r > 0and fo(l)+7 > 0for0 < r < M, so the index of fo(y) +7 must b

zeroforO <r < M.
20. To compute the equilibria, we solve

dy 3 2
— =y + =0.
dr Pty
Since y? + ay® = y2(y + @), we see that y = 0 and y = — are equilibria. By considering the sig
of y3 + ay?, we see that y = 0 is always a node and y = —« is always a source.

These equilibria coincide if « = 0. As o passes through zero, the source “passes through” th
node at zero. The only change is in the direction that solutions travel for initial conditions near

node.

21. We have
dy

dt
If @ > 0, there is one equilibrium point at y =0, and dy/dt > 0 otherwise. Hence y = 0 is a node
fa <0,dy/dt =0aty=0andy = +.,/—a. From the sign of y* + ay?, we know that y =

is anode, y = —/—a is asink, and y = /—w is a source.

=y +ay? =y (3 + o).

22. The equilibria occurat y =0 and

y:

" f 1000 + /1050 — 4o
2 :

Ifa < 0. then 10%¢® — 4o > 10 > 0. Hence

1000« + +/ 10%? — 4a -0 But 1000a — +/10%? — 4o -0
> L

2

Therefore, there are three equilibria.
If0 < & < 4 x 1075, then 10%2 — 4a < 0. Consequently, there are no equilibria other than?
\
i

oneaty = 0.
fa=4x 10'5, then there are three equilibria. Finally, if ¢ > 4 % 1070, then both

and

1000 + +/ 100 — 4o 1000 — /10802 — 4o
2 2

are positive, and there are five equilibria.

23. For a < 0, both y2 + o and y“ 4+ « have two roots. These four roots are distinct. Therefo J
product, y(y + a)(y* + «)(y* + @) has six distinct roots for @ < 0. For @ = 0, the differen|

equation is

dy g
a1

which has only one equilibrium point, y = 0.

24. Note that y/(y>+1) — Oasy — Foo. Fora = 0. the differential equation has only one equi
point, y = 0. Changing « (slightly) translates the graph up or down, and this translation
the source that was at 0 to a source that is near 0. It also introduces one new equilibrium
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index of fu(y) r must be far from 0. Ife < 0, then this new equilibrium oint is ositive and far from 0. Ifee > 0, this
new equilibrium pOiI’lt is ne,

gative and far from 0. This bifurcation is sometimes referred to as a
“bifurcation at infinity.”

dy

ria. By considering the sign
source.

source “‘passes through” the
yr initial conditions near the

se. Hence y = 0 is a node.
+ ay?, we know that y = 0

Graphs of y/( y2 + 1) 4+« for several values
of a near zero.

EXERCISES FOR SECTION 1.8

1. We rewrite the equation in the form

d :
dy . 35

<0 dt t

and note that the integrating factor is

e no equilibria other than the
|
;‘ 109, then both

u(r) — ef(l/f){f!’ e eil‘lf =t

Multiplying both sides by (1), we obtain

] dy

I. t—+y=2t.

- ar T

' Applying the Product Rule to the left-hand side, we see that this equation is the same as
' aw

E_ are distinct. Therefore, the_' D

For @ = 0, the differential

and integrating both sides with respect to ¢, we obtain

,
ty=1"+c,

| where ¢ is an arbitrary constant. The general solution is
tion has only one equilibrium
L, and this translation moves

1 , e
y(f) = ;(f“ +C) =1+ r__
one new equilibrium point



the same as

|
|
|

'f
L

is the same as

1.8 Linear Differential Equations

4. We rewrite the equation in the form
dy

+ 2ty = 4"’
dt

and note that the integrating factor is
g 2
w(t) _eJl' 2edt _ .

Multiplying both sides by (), we obtain

d
e‘z—'})- + 2?3"2); =4,
dt
Applying the Product Rule to the left-hand side, we see that this equation is the same as
de’y) _,
e~

and integrating both sides with respect to 7, we obtain

e’zy =4t +c,

where ¢ is an arbitrary constant. The general solution is

y(t) = dte™" +ce~.

5. We rewrite the equation in the form

dy 2t 2

a1+ T 1422
and note that the integrating factor is

w(t) = ef 210+ d1 _ —in(146) _ (gm(la-r:z))“1 !

Multiplying both sides by p(¢), we obtain
[ 1 dy 2t 2
L+2di  (I+022” = U+
Applying the Product Rule to the left-hand side, we see that this equation is the same as

d y 3, 2
dt\1+12) (14

4
arctant + ———,
142

An antiderivative of 2/(1 + %)% is

- sointegrating both sides with respect to 7, we obtain

I
= arctant :
8 n +l+r2+c

where c is an arbitrary constant. The general solution is

y(t) =t + (1 + £?)(arctan(z) + c).

107
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11. We rewrite the equation in the form
dy

dr+

Y_»
P
and note that the integrating factor is
he general solution u(t) = e /odr _ ine _ ’
Multiplying both sides by 14(z), we obtain
d
rg—f +y =2

Applying the Product Rule to the left-hand side, we see that this equation is the same as

d@ty)
dt
and integrating both sides with respect to ¢, we obtain

2t,

ty=t2+r:,

where c is an arbitrary constant. The general solution is

c
) =1t+ L

To find the solution that satisfies the inj

tial condition y(1) =
att = | and obtain

3, we evaluate the general solution

l+c¢=3.
Hence, ¢ = 2, and the desired solution is
2
y@)y=t+-=.
t
12. In Exercise 5, we derived the general solution
Y(@) =t + (1 + *)(arctan(r) + ¢).
To find the solution that satisfies the initial condition ¥(0) = =2, we evaluate the general solution at
t=0and obtain ¢ = —2. The desired solution is
y(t) =1+ (1 +1?)(arctan(r) — 2).
e the general solu-

We rewrite the equation in the form

d 2
e O (Y
dt t

‘note that the integrating factor is

PP SE Y L, 1 PR 1
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th sides by w(r), we obtain

1d

2

Multiplying bo
2
> I

3

e

\

.-...
=
—

and side, we €€ that this equation is the same as

d
() =2

tot, We obtain

Applying the Product Rule to the left-h

and integrating both sides with respect
P
= 2t + ¢,

g an arbitrary constant. The general solution is

where ¢ i
y(1) = 23 4 ct?.

ony(=2) = 4, we evaluate the general solu-

nd the solution that satisfies the initial conditi

To fi
_7 and obtain
_16+4c= 4.

tionat?t =

e,c =3 and the desired solution is

Henc
y(1) = 23 4 5%,

- 14. We rewrite the equation in the form .
y .

47 L5y =smnt

dt ’

and note that the integrating factor is

u(r*] — eder - eSt .
of the differential equation by p(t), we obtain

d
85l—-)i + Se

di
Rule to the left-hand side, W€ see that this equation is the same as

d eSt
_L——y—)- = ¢ sint,
dt

Multiplying both sides
My = ¢ sint.

Applying the Product
th respect to £, W€ obtain

Sy = f ' sint dt.

g integr ation by parts

and integrating both sides Wi

n the right-hand side usin twice. We have

1t eost + 6

alculate the integral 0
7 e
' sint — 3

WecancC
giry _

Bl
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where c is an arbitrary constant. The general solution is

D cing— L
sint — s¢ cost + ce

y(f)‘:26 —5!.

To find the solution that satisfies the initial condition y(0) = 1, we evaluate the general solution
at r = 0 and obtain

—xt+e=1.
Hence, ¢ = 27/26, and the desired solution is

|3

y(t) = spsint — Lcosr + e,

-J|

26

15. We rewrite the equation in the form
j—f — (sint)y =4
and note that the integrating factor is
) = e s _ geost,
Multiplying both sides by (), we obtain

dy .
eCDSf it S ec(}b!(slnr)y — 4gCOSI‘

dt
Applying the Product Rule to the left-hand side, we see that this equation is the same as

d (e ry)

e 4ecos.'
dt ’

and integrating both sides with respect to ¢, we obtain

eCDSl‘v - [4ecnsrdr_

Since the integral on the right is impossible to express using elementary functions, we write the gen-
eral solution as

y(t) = 4e—cosrfecosr dt.

16. We rewrite the equation in the form
d—y —= Izy =4
dt

and note that the integrating factor is
Lt(f) tiz ef(—-'z](ff = e-13;(3.
Multiplying both sides of the equation by 14(z), we obtain

34y — ey 4B,
dt
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20. We rewrite the equation in the form

and note that the integrating factor is

[ A=t
u(t) =¢€ 17557,
ms of elementary functio

= 1_dt
=te IJ,3,3 .

ns. Multiplying both sides by

This integral 1§ impossible t© express 1n ter

w(t), we obtain
. AL
e I Ji-3 at ‘_i_)i —e I Jrhsdr Y
dt JB -3

Applying the Product Rule to the left-hand side, we see that this equation 18 the same as

- f ’.7%-# dt 1

‘iﬁf____’_.s—-yl = ;gﬂf Jr—3 at '
dt
and integrating both sides with respect to 7, W€ obtain
= 1
175 “ar.

== 1_d
e 1755 'y.-:".te

so we write the general solution in the form

o impossible to compute,

1 4
I 7= fff" dt.

These integrals are als

yity=¢e

e form d
Y _aty= 434*1

21. We rewrite the equation in th

at the integrating factor is

22. We rewrite the equat

and note that the ints

There are two cases
If r #£ —1, ther

Multiplying both si

Applying the Prod

The next step is to

on the right—hand
The only oth

Multiplying bott

and note th
!.L(f) — ef(—-ﬂl‘)d'l = e-—ﬂfzf?..
Multiplying both sides by w(t), we obtain
3 dy 2 2 _a?
at*f2 o _ate™ W Py =4e £ g atl?, on the left-hand
H

Applying the Product Rule t0 the left-hand side and simplifying the right-hand side, we see that this = _eince, &
23. (a) The differ

equation is the same as
—at®]2
d(e” il =._4er(1+af2)11'

dt
des with respect to - we obtain
2y = f ge— a7 dt.

an be expressed in terms of elementar
2 = £}
1* really isn't there). Hence, the onl

a = —2 (see Exercise 4).

»
Integrating both si

ight-hand side ¢

if the factor involving €
d form is

The integral on the r

- Cueace i close

y functions only if
y value of a that

where 52
year and
(b) Rewritin,
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The integrating factor is
.U-(f) - eflf“5+i')df = ell‘l(]j—H’) e 15 +f.

Multiplying both sides of the equation by (1), we obtain

d
(15+r)—‘E + 8§ =2(15+1),
r than deposit- dt
which via the Product Rule is equivalent to
d((15+1)S)
dt

=30+ 2t.

Integration and simplification yields

2430t +c

Pl = 1541+

Using the initial condition S(0) = 6, we have
< _e
E5
which implies that ¢ = 90 and
12 + 30t + 90
TR b s
The tank is full when ¢ = 15, and the amount of salt at that time is S(15) = 51/2 pounds.

S(t) =

I-= 0, y(r) is the

000(1 + ¢) for. 27. We will use the term “‘parts” as shorthand for the product of parts per billion of dioxin and the volume

J of water in the tank. Basically this product represents the total amount of dioxin in the tank. The tank
initially contains 200 gallons at a concentration of 2 parts per billion, which results in 400 parts of
dioxin.

Let y(t) be the amount of dioxin in the tank at time . Since water with 4 parts per billion of

(1) =07 Solving dioxin flows in at the rate of 5 gallons per minute, 20 parts of dioxin enter the tank each minute.

| Also, the volume of water in the tank at time ¢ is 200 + 2t, so the concentration of dioxin in the

: tank is y/(200 + 2r). Since well-mixed water leaves the tank at the rate of 2 gallons per minute, the
purits of salt that differential equation that represents the change in the amount of dioxin in the tank is

|

| dy y

| | o R [ e B
| dr (200+2r)

: hich simplifies to
e tank starts with P

)

tank. So
We can rewrite this equation as
1
dr b (100 +1
and the integrating factor is

,u,(t) =ef(1f(100+1))£“ ul eln(100+1) = 100+t.
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Multiplying poth sides bY u(t), we obtain
’ ' dy the tank at
(100+:)E;+y-20(100+r). < At
) ating the f
which 18 equwalent to -
d((100+1
d((100+ DY) _ 20(100+ 1)
dt SO
by the Product Rule- Integrating both sides with respect 1 ¢, we obtain
(100 + Dy = 20001 + 101 + ¢
Since y(0) = 400, we se€ thatc = 40, 000. Therefore,
{02 + 2000t + 40 000
() = ’;/,,L/’ L (a) To ¢
t + 100 the 1
The tank fllsup at? = 100, and y(100) = 1,700. To express Our answer in terms of concentra:
tion, W€ calculate y (100)/ 400 = 4.25 parts pet billion.

8. Let S(t) denote the amount of sugar in {he tank at time t. Sugar is added to the tank at the rat of (b) s“o( F
p pounds per minute. The amount of sugar that leaves the tank is the product of the concentration® ¢
the sugar in the water and the rate that the watet Jeaves the tank. At ume t. there are 100 —1 gallons
of sugar water in the tank, O the conccntration of sugar 1S s/ (100 — t). Since sugar water |eaves:

the tank at the raté of 1 gallon per minute, the different'\al equation for S 18 ' Usi
i
ds S
dt 100 —1
Since this equation is linear, W€ rewrite it as As
dS " S
o T10-t #
and the integr ating factor is If
i is C
1) = ej‘(u(mo-—:)) dcgs n(100-0) = . has
() T =t
g . ; . . . (a) Let
Multiplyng both sides of the differential equation by i) yields of
1 dS S p
e N 5 I
100 —1 ar (100 — ) 100 — 1
which 18 equivalent 10 Th*
d ( 5§ Nk 9
’ dr \100—1 = 100t ::1;
by the Product Rule. We integrate poth sides and obtain '
S
= —pln(lOO — 1)+
Sir

—
100 —1
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EXERCISES FOR SECTION 1.9

1. We rewrite the €quation as

Eii = =4+ (y—dn)’ 44,
apply the Existence
wever, we can still use that dy s

—_ = 4,

dt  dt *

and substitute to obtain

d
—E+4=It+£f2+4.
dt

This equation simplifies to

du 2
EI_ =u-+4u,
which is nonlinear, autonomous, and separable,
2, Note that y = 14, so
dy_ i
dr d

Substituting for Yy and dy/dt, we obtain

du (tu)? + t(tu) I‘E(M2 +u)
I— 4 u = T s Srs T
dt (ti)= + 32 t5(u=+ 3)

du 1 fu?+u
—==l=———-u|.
dr t \u243

‘This equation is nonlinear and nonautonomous.

Simplifying we obtain

3. Rewrite the equation as

b d
[_ initial condition =¥

2
dr Y+ (y)" +cos(ry).

k mains constant

Using that y = /¢, we have

dy ldu 1
S m——
dt tdr g2
‘We substitute to obtain
1du 1 %
: _ —37——1u=u+u'+cosu,
which is a valid i :
Which simplifies to
uation to m du

k- i ——=—+t(u+a2+cosn}.
118 constant as a dt ¢
i€ concentration This equation is nonlinear and nonautonomous.

This is a good example of a chan

ge of variables that looks like it is going to greatly simplify the
€quation but does not because the term that replaces dy /dt is complicated.
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4. We have y = Inu, so

dy ldu
dt — wdt
Substituting we obtain
1 du t*

e
udt 7
which simplifies to

2.5 42
— =u"+1t.
dt
This equation is nonlinear and nonautonomous.
S5.Lletu =y —1t. Then
du _dy 1
dt  dt :
and the differential equation becomes
du
—+l=uz—u—l,
dt
which simplifies to
du 5

Z: " —u—2=(u—2)u+1).

The equilibrium points are « = 2 (a source) and u = —1 (a sink). These equilibria correspond to the
solutions y1(t) =2+t and ya(t) = —1 +t.

6. We letu = v/r. Then y = tu, so

ot
Replacing y by ru, we obtain

du  (tu)?
u-{-tdr =g +2(tu) — 4t 4+ u,
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In terms of the original dependent variable y, we have
]

y(1) = £/ (t 4+ )2 |

The choice of sign depends on the initial condition.

9. Ifu=y/(1+1), we have
du 1 dy ¥ |

| dr o 14tdr A+

Then
@ _ et s
dy _ L
dt dt

and the differential equation becomes

o —

du u(l 41t
(l+t)—+u=u-— —(——)- +r2(r+ 1),
dt t
| which reduces to
| du _u i ;2 {
' dr 1 '
This differential equation is linear, and we rewrite it as -
| 1
| du + u th t: ; {
| dt 't il
Its integrating factor is
ey = A = gt . "
Multiplying both sides of the differential equation by (1), we obtain
du 3
t— ==t
dt T
which is equivalent to
d(tu) 3
dt
Integrating both sides, we have
4
t
tit = — 5 |
o i |
where ¢ is an arbitrary constant. Therefore,
(1) = P n c
wlt) =<

To determine the general solution for y(r), we have y = u(l + t), and therefore

31 +1) +c{l+r)

y(f)= 4 { |
|

3
:r(1+r)+£+c. ]
4 t [





