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The general solution is x; = (1/3)x4, xo = (1/2)x4, X3 = (1/6)x4, with x; free. Take x, = 6. Then x; = 2,
x> =3, and x3 = 1. The balanced equation is

2N33PO4 o 3Ba(NO3)3 =7 Ba3(PO4)2 0 6N3N03

7. The following vectors list the numbers of atoms of s.odium (Na), hydrogen (H), carbon (C), and
" oxygen (O):

1 0 3 0 0| sodium
_ 1 8 5 2 0| hydrogen
NaHCO;: Ll H,C,H;0;: 6l Na,C.H,0;: 6l H,O: ol CO,: i b
carbon
3 7 i 1 2| oxygen

The order of the various atoms is not important. The list here was selected by writing the elements in the
order in which they first appear in the chemical equation, reading left to right:

x; - NaHCO; +x¢ H;CeHsO7 — X3¢ Na;CeHs07 + x4° H,O + x5-COs,.

The coefficients xi, ..., x5 satisfy the vector equation

1 0 3 0 0
1 8 5 2 0
1 "6 6 0 1
3 7 7 1 2

Move all the terms to the left side (changing the sign of each entry in the third, fourth, and fifth vectors)
and reduce the augmented matrix:

RED 30,0 0 AR e ]
Jr Rt e —o e 0a 0 Dl 30 . Oageot/(@mad0
B e =6 D b0 CahNOR 0510/ =1/35210
T g RIS (S SR 00 0 fe =150 .

The general solution is x; = xs, X = (1/3)xs, x3 = (1/3)xs, X4 = x5, and xs is free. Take xs=3. Then x; =x4=
3, and x, = x3 = 1. The balanced equation is

3Nch03 +H3C(,H50? —> N33C5H507 =+ SHQO + 3C02

8. The following vectors list the numbers of atoms of potassium (K), manganese (Mn), oxygen (O),
sulfur (S), and hydrogen (H): {

0 0] 0 2 0] potassium
1 I 0 1 0 0| manganese
KMnO,: [4 |, MnSO,: | 4|, H,0: | 1|, MnO,: | Z|, K,80,: |4], H,SO,: | 4| oxygen
0 1 0 0 1 1| sulfur
10| 10 | 2 10| 10| 12| hydrogen

The coefficients in the chemical equation g
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Rearrange the equations:

X =0 = X = 40
AR L o = 200
S B e - x = 100

X, + x = 60

Reduce the augmented matrix:

000 2 —1 20 40 [(DFoe =LF 0 1100

i D sl 0200 D (Rl S OF ks o100

R e 0 | EH00] 00 000 L@ 1= 60

DT L 0 i = g 1 | RS R U Rt 0

The general solution (written in the style of Section 1.2) is

x, =100+ x; — X5 (%, =40+ x;
X, =100 —x5 + x5 X, =160—x,
x, is free b. When x; = 0, xs must be 60, and { x; is free
x4 =60— x4 x, =0
x5 1s free | x5 =60

¢. The minimum value of x; is 40 cars/minute, because X3 cannot be negative.

13. Write the equations for each intersection:

| Intersection  Flow in Flow out 30 40
.5 A x+30 = x+80 Y 1
. B XobXe = X vk R Lt G B P (e s
C xe+100 = x5+40 2% X6
Il D x,+40 = x+90 il E| 3 I o
| E x+60 = x;+20 ! 4
Total flow: 230 = 230 2 .
Rearrange the equations:
Nk = =50
Hime— kn =i Xpl s K = 0
: X — X, = 60
' %4 = X = 50
X — X —40
Reduce the augmented matrix:
'! FG =l 0L L0 e 0 =50 B 5 e P Sl R VS o L)
| Dol g P 075 |0 T et =1 0= 0
O G e N o e 3 o ey R WA s e T
0RO = DR 0 =1 100 ) o 010100 -1 60
|BlsdEgE B0 0 0 —40J [oEioE =08 0220 0 0]
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x =x,—40
X =%yt 10
s | % s Tree
a. The general solution 1s 4
Xy =050
X: =X, +060
| X6 18 free

b. To find minimum flows, note that since x; cannot be negative, x; > 40. This implies that
x> > 50. Also, since xs cannot be negative, x4 > 50 and x5 > 60. The minimum flows are
x, = 50, x3 = 40, x4 = 50, x5 = 60 (when x; = 0 and x¢ = 0).

14. Write the equations for each intersection.

Intersection Flow in Flow out 120 150
A % = S +100
B X% £330 = X
¢ X —
D %, +150 = X5
E X5 == 80
B xs+100 = X
Rearrange the equations:
e e =" 1100
D6 s = =50
X ey =- 120
> =" ¥=150)
e 1l = ata o= 80
=% + x; = -100

Reduce the augmented matrix:

[t o0 001 D 100] 0 e e SR el i
0h il el i7" OO0 Bt il a0 D b D50
G0 1 | k0= 70 - =120 0, 40" =1 te = LT 01120
8L .0 D I Y o 2 o i L e T e —1 - 0,150
T AN s R RS T SR

g0, 10 105,a0n i1 =100] [0phe0 0 -0 =00 0
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7. Since A has 3 columns, B must match with 3 rows. Otherwise, AB is undefined. Since AB has 7 columns,
so does B. Thus, B is 3%7.

8. The number of rows of B matches the number of rows of BC, so B has 3 rows.

26 Sl =5 23 —10+5k : Ao =SS 23 15
9. AB= = , while BA= = ;
— =S k -9 15+k 3 kl|l-3 1 6-3k 15+k

Then AB = BA if and only if -10 + 5k=15and -9 =6 — 3k, which happens if and only if £ =3.

B e e

[t i 212l st Ol 2 f3iaees
1.2 =300 3 -i0=F2 -6 15
B e | gt ) S 1 I o A b
een e I R S B (B S A
(SRR e N e R )
00, 5|1 -4 55 200 25

Right-multiplication (that is, multiplication on the right) by the di agonal matrix D multiplies each column
of 4 by the corresponding diagonal entry of D. Left-multiplication by D multiplies each row of 4 by the
corresponding diagonal entry of D. To make 4B = BA, one can take B to be a multiple of /5. For instance,
if B= 4L, then AB and BA are both the same as 44.

12. Consider B = [b; b,]. To make AB = 0, one needs Ab, = 0 and Ab, = 0. By inspection of 4, a suitable

Be 2 _ 2 2546
by is i or any multiple of \ . Example: B= il

13. Use the definition of AB written in reverse order: [4b; - -+ Ab,]=A[b; - -+ by]. Thus
[Or; - Or,]=OR, when R= [r - ).

‘14, By definition, UQ = Ulq; - - - qs] = [Uq, - -- Uqa]. From Example 6 of Section 1.8, the vector

- Ug, lists the total costs (material, labor, and overhead) corresponding to the amounts of products B and
- C specified in the vector q;. That is, the first column of UQ lists the total costs for materials, labor, and
overhead used to manufacture products B and C during the first quarter of the year. Columns 2, 3,

and 4 of UQ list the total amounts spent to manufacture B and C during the 2 31 and 4" quarters,

respectively.

a. False. See the definition of 4B.

b, False. The roles of 4 and B should be reversed in the second half of the statement. See the box after
. Example 3.

" ¢ True. See Theorem 2(b), read right to left.

"d. True. See Theorem 3(b), read right to left.

¢, False. The phrase “in the same order” should be “in the reverse order.” See the box after Theorem 3.

" a. False. AB must be a 3x3 matrix, but the formula for 4B implies that it is 3x1. The plus signs should
~ be just spaces (between columns). This is a common mistake.

True. See the box after Example 6.
R g e o o e W ada o aad T general:
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d. False. See Theorem 3(d).

e. True. This general statement follows from Theorem 3(b).

—1 2 -l
17. Since { = 3:| =AB=[A4b, Ab, Abs], the first column of B satisfies the equation

=1 ) s D oEd I 30 % 7l e
Ax = . Row reduction: [A Ab1]~ ~ .Sob;= . Similarly,
6 —2 SASH [l 4

e bl o e

Note: An alternative solution of Exercise 17 is to row reduce [4 4b; 4b,] with one sequence of row
operations. This observation can prepare the way for the inversion algorithm in Section 2.2.

18. The first two columns of 4B are Ab, and Ab,. They are equal since b; and b; are equal.

19. (A solution is in the text). Write B=[b; b, bs]. By definition, the third column of 4B is Ab;. By
hypothesis, bs = by + b,. So 4b; = A(b; + b,) = Ab, + 4b,, by a property of matrix-vector multiplication.
Thus, the third column of AB is the sum of the first two columns of 4B.

20. The second column of 4B is also all zeros because Ab, = 40 = 0.

21. Let b, be the last column of B. By hypothesis, the last column of AB is zero. Thus, 4b, = 0. However,
b, is not the zero vector, because B has no column of zeros. Thus, the equation 4b, = 0 is a linear
dependence relation among the columns of 4, and so the columns of 4 are linearly dependent.

Note: The text answer for Exercise 21 is, “The columns of 4 are linearly dependent. Why?” The Study Guide
supplies the argument above, in case a student needs help.

22. If the columns of B are linearly dependent, then there exists a nonzero vector x such that Bx = 0. From

this, A(Bx) = A0 and (4B)x = 0 (by associativity). Since x is nonzero, the columns of 4B must be linearly
dependent.

23. If x satisfies Ax = 0, then C4x = C0 = 0 and so /,x = 0 and x = 0. This shows that the equation Ax =0
has no free variables. So every variable is a basic variable and every column of 4 is a pivot column.
(A variation of this argument could be made using linear independence and Exercise 30 in Section 1.7.)
Since each pivot is in a different row, 4 must have at least as many rows as columns.

24. Take any b in R”. By hypothesis, 4Db = I,,b = b. Rewrite this equation as A(Db) = b. Thus, the
vector x = Db satisfies 4x = b. This proves that the equation Ax = b has a solution for each b in R”.
By Theorem 4 in Section 1.4, 4 has a pivot position in each row. Since each pivot is in a different
column, 4 must have at least as many columns as rows.

25. By Exercise 23, the equation CA = I, implies that (number of rows in 4) > (number of columns), that is,
m > n. By Exercise 24, the equation AD = [, implies that (number of rows in 4) < (number of columns),
that is, m < n. Thus m = n. To prove the second statement, observe that DAC = (DA)C = 1,C = C, and
also DAC = D(AC) = DI,, = D. Thus C = D. A shorter calculation is

C =1,C = (DA)C=D(AC)=DI, =D

26. Write ;=[e; e es]and D=[d, d, ds]. By definition of 4D, the equation 4D = I; is equivalent
|to the three equations Ad; = e;, Ad; = e;, and Ad; = e;. Each of these equations has at least one solution
hecanse the columns of 4 span R, (See Theorem 4 in Section 1.4.) Select one solution of each equation
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2.1 + Solutions

27. The product u’v is a 1x1 matrix, which usually is identified with a real number and is written without the
matrix brackets.

a =)
u'v=[-2 3 4]\ b|=-2a+3b-4c,viu=[a b ¢]| 3|=-2a+3b-4c
¢ —4
=2 —2a -2b 2c
uv’ =| 3 [a b C]= Sar =35 3¢
-4 —4a —4b —4c
[a —2a 3a -4a
v’ =b([-2 3 -4]=|-2b 3b -4b
| ¢ —2¢ - 3¢ ¢

28. Since the inner product u’v is a real number, it equals its transpose. That is,

u'v = (u'v)"= v’ (u)" = v'u, by Theorem 3(d) regarding the transpose of a product of matrices and by
Theorem 3(a). The outer product uv’ is an »x» matrix. By Theorem 3, (uv’)" = (v))"u” = vu’.

29. The (i, j)-entry of A(B + C) equals the (i, j)-entry of AB + AC, because
Zam (by + Cy) = Z ayby; + Z A Cy;
k=1 k=1 k=1

The (i, j)-entry of (B + C)4 equals the (i, j)-entry of BA + CA, because

n n n
Z (by +cp)ay = bek%‘ + Zcm-%-
k=1 k=1 k=1

30. The (i, j))-entries of H(4B), (rA)B, and A(rB) are all equal, because

rZa& by =D (ray )b, = Za,.,( (rby)
=1 k=1 k=1

31. Use the definition of the product 7,4 and the fact that 7,,x = x for x in R".
fmA = };H[al g an] 5 []mal g jman] = [al MRt an] :A

32. Let ¢; and a; denote the jth columns of 7, and 4, respectively. By definition, the jth column of 47, is Ae;,

which is simply a; because e; has 1 in the jth position and zeros elsewhere. Thus corresponding columns
of A7, and A are equal. Hence A/, = A.

33. The (i, j)-entry of (4B)" is the (j, i)-entry of AB, which is
ajlbh + bty + C}‘J-ﬂbm

The entries in row i of B are by, ... , by, because they come from column i of B. Likewise, the entries in
column j of A" are aji, ..., i, because they come from row j of 4. Thus the (i, j)-entry in B'4” is
apby; ++--+a,b, , as above.

fnni
4. Use Theorem 3(d), treating x as an nx1 matrix: (4Bx)’ = x"(4B) = x"B"A".

5. [M] The answer here depends on the choice of matrix program. For MATLAB, use the help

command to read about zeros, ones. eye, and diag. For other programs see the

- appendices in the Study Guide. (The TI calculators have fewer single commands that produce
special matrices.)



2.2 + Solutions

proof of the IMT rather than simply watch an instructor carry out the proof. Also, this activity will help
students understand why the theorem is true.

R SR e
15 4] 32305 8|52 4
: 3 2"1_ 1 4 2] [=2 1
S AL D ST 30
By 5] 1 —5 sl = ! 1
3. S e =—— or
7 -5 —40-(-35| 7 8| 5|7 8| |-14 -16

4‘3 S 1 g Ay T8 oA Fradntngig
. = =— or
QISR R SR (i e v g —7/4 314

6
4

- 2 -3 2 7
x=A4 b= /2 all g = 9.Thusx.=7a1ldxg=—9.

Ry 9
6. The system is equivalent to Ax = b, where 4 =l: . 5} and b = [1 I]’ and the solution is x = 4"'b. To

8 2
5. The system is equivalent to Ax = b, where 4 = |:5 } and b=[ J, and the solution is

compute this by hand, the arithmetic is simplified by keeping the fraction 1/det(4) in front of the matrix
for 4. (The Study Guide comments on this in its discussion of Exercise 7.) From Exercise 3,

o 1|-5 -5][-9 1| =10 2
ith Xx=4b=— =— = . Thus x; = 2 and x, = -5.
- Sl AR L 5| 25 -5

=L 1 12 itz = et
7. a. —— = - or
L el Mo Y AR By (B SR i 5

% 112 =2 -1 1[-18 = : :
x=4 b =— =— = . Similar calculations give
21=3 14 [Ep8i S 28 4

|EEE B Iy 2 3 1355000 ] e e
2 8. 10" —4¢ =19 O O i RS
j SRBIEEL s [T R R
L et e B

: —9ti ] 6 13 :
The solutions are : ; , and , the same as in part (a).
4 |-5] |2 -5
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Note: The Study Guide also discusses the number of arithmetic calculations for this Exercise 7, stating that 16

when 4 is large, the method used in (b) is much faster than using A
8. Left-multiply each side of the equation AD = I'by A" to obtain N
us

10.

i

12.

13.

14.

15:

Parentheses are routinely suppressed because of the associative property of matrix multiplication.

AAD=A"LID=4",and D= AL

a. True, by definition of invertible. b. False. See Theorem 6(b).

|
¢. False. If A =[0 0} ,thenab—cd=1- 0 # 0, but Theorem 4 shows that this matrix is not invertible,

because ad — be = 0.
d. True. This follows from Theorem 5, which also says that the solution of Ax=b is unique, for each b.

e. True, by the box just before Example 6.
a. False. The product matrix is invertible, but the product of inverses should be in the reverse order.
See Theorem 6(b).

b. True, by Theorem 6(a).
d. True, by Theorem 7.

¢. True, by Theorem 4.
e. False. The last part of Theorem 7 is misstated here.

(The proof can be modeled after the proof of Theorem 5.) The nXp matrix B is given (but is arbitrary).
Since A is invertible, the matrix A~'B satisfies AX = B, because A(4'B) =4 A'B = IB = B. To show this
solution is unique, let X be any solution of AX = B. Then, Jeft-multiplication of each side by A™' shows
that X must be 4~ B:
A (4x)=4"B,
If you assign this exercise, consider giving the following Hint: Use elementary matrices and imitate the
proof of Theorem 7. The solution in the Instructor’s Edition follows this hint. Here is another solution,
based on the idea at the end of Section 2.2.
Write B=[by - -- b,]and X=[u - ). By definition of matrix multiplication,
AX = [Au; - -+ Aw). Thus, the equation AX = B is equivalent to the p systems:
Au1=b1, . Allp:bp
Since A is the coefficient matrix in each system, these systems may be solved simultaneously, placing the
augmented columns of these systems next to Atoform[d by - bl= [4 B].Since 4 it

invertible, the solutions uy, ..., Up af¢ uniquely determined, and [4 by - - b,] must row reduce to
0w - wl=0 X].BY Exercise 11, X is the unique solution A'B of AX = B.

IX=4'B, and X= A'B

Left-multiply each side of the equation AB = AC by A" to obtain

B -4dC, B=1C, ad B=C
This conclusion does not always follow when 4 i8
counterexample.

singular. Exercise 10 of Section 2.1 provides a

Right-multiply each side of the equation (B — C)D = 0 by D' to obtain
(B-C)DD ' = o0, (B-Ol=0, B-C=0, and B=C.

The box following Theorem 6 suggests what the inverse of ABC should be, namely, C'B 4. To verify
that this is correct, compute:
(ABS)C B AT ABCC'B'A™ = ABIB'A™' = ABB A = A4 =447 =1

and
0 mln_l‘—1;nﬂ__p—ln—lrn(ﬂ___C—\B—IBC:(:*—lIC___C—iC=I
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16. Let C = AB. Then CB"' =4BB ', 50 CB~ = Al = A. This shows that 4 is the product of invertible

at
matrices and hence is invertible, by Theorem 6.

Note: The Study Guide warns against using the formula (4B) ' = B'A™" here, because this formula can be

used only when both 4 and B are already known to be invertible.

17. Right-multiply each side of 4B = BC by Bl
ABE=—BCR' . Al=BCB, A= BCB .

18. Left-multiply each side of 4 = PBP 'by P

ply-plpap, PA=IBP', P'A=BP'

Then right-multiply each side of the result by P:

piup=BP'P, P'AP=BI, P'AP=B

_ Unlike Exercise 17, this exercise asks two things, “Does a solution exist and what is it?” First, find what

the solution must be, if it exists. That is, suppose X satisfies the equation (4 + X)B~' =L Left-multiply

gach side by C, and then right-multiply each side by B:

ccla+xB'=cl, I4 +XB'=C, (4+XB'B=CB,

Expand the left side and then subtract A from both sides:
Al+XI=CB, A+X=CB, X=CB-4

If a solution exists, it must be CB _ A. To show that CB — 4 really is a soluti

C[A+(CB—A)B " = c'icBB'=C'CBB =1I=1

A+X)1=CB
on, substitute it for X

Note: The Study Guide suggests that students ask their instructor about how many details to include in their
proofs. After some practice with algebra, an expression such as CC "(A + X)B ' could be simplified directly to
A+ X)B I without first replacing CC ' by 1. However, you may wish this detail to be included in the

‘homework for this section.

20, a. Left-multiply both sides of (4 — AXy" = X'B by X to see that B is invertible because it is the product

of invertible matrices.
b. Invert both sides of the original equation and use Theore
applies because X ' and B are invertible):
A-AX=(C'B)'=B'X)'=B'X
Then A =AX+B ' X=(4 + B™")X. The product (4 + B )X is invertible because A is invertible. Since
Yis known to be invertible, so is the other factor, 4 + B, by Exercise 16 or by an argument similar

to part (a). Finally,
U+BY'd=(A+B ) U+BHX=X

o This exercise is difficult. The algebra is not trivial, and at this point in the course, most students will

ecognize the need 1o verify that a matrix is invertible.

m 6 about the inverse of a product (which

Theorem 5, the equation Ax = 0 has only one solution, namely, the zero

Suppose A is invertible. By
endent, by a remark in Section 1.7.

solution. This means that the columns of 4 are linearly indep

Suppose A is invertible. By Theorem 35, the equation Ax = b has a solution (in fact, a unique solution) for

cach b, By Theorem 4 in Section 1.4, the columns of 4 span R".
only the trivial solution. Then there are no free variables

Since A is square and the 1 pivot positions must be in
A must be on the main diagonal. Hence A is tow

3. Suppose A is n>n and the equation Ax = 0 has

in this equation, and so 4 has n pivot columns.
ent rows, the pivots in an echelon form of
equivalent to the n xn identity matrix.
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row,(/)-4
row, (/) -4
[row;(/)—4-row,(I)]-4

row, (/)
oW, (/)
row,(7)—4-row, ()

A=EA

Here, E is obtained by replacing rows() by rows(/) — 4-row;(/).

] e )| W g Rl e o) B i
Tor a0k L0 =4 1| 0

4

—7
4

2
=1

1
4

S

29. [A4 I]=[

17§ =0 1 1/5 -0
01 1 0 -4/5 1

s 2 e Tl
D
| 4/5

2
=i

e T 5

4/5

]

(=
o l s T

AT
=
Yor )

10

T2 812D

0 1

*) ]

0

1

,and forj=1, ..., n, let a; b;, and e; denote the jth columns of 4, B,

‘and /, respectively. Note that forj =1, ..., n— 1, a,—a;,, = ¢; (because a; and a;., have the same entries
‘except for the jth row), b;=e;—e;;; and a, =b, =e,.
To show that 4B = I, it suffices to show that Ab, = ¢; for eachj. Forj=1,...,n—1,

Ahj=A(ej— ¢j+1) = Aej"‘Aeﬁ-l =a;— &1 = ej
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