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2. The set is closed under scalar multiples but not sums.
For example, the sum of the vectors u and v shown
here is not in H.

3. No. The set is not closed under sums or scalar multiples. The subset
consisting of the points on the line x,=x;1s a subspace, SO any
“counterexample” must use at least one point not on this line.

Here are two counterexamples to the subspace conditions:

4. No. The set is closed under sums, but not under multiplication by a
negative scalar.

5. The vector w is in the subspace generated by v; and V2 if and only if the vector equation x;vi +X2V2 = w
is consistent. The row operations below show that w is not in the subspace generated by Vi and va.

5 4 ‘&) [2 =4 8 4 B
[v, Vo WI~| 3 -5 sl~j0 1 -10{~|0 @ -10

5 g <9|"|0o" -2 il e o &

6. The vector u is in the subspace generated by {Vi, V2, v,} if and only if the vector equation x;v; +x2V2 +
xav3 = U is consistent. The row operations below show that u is not in the subspace generated by

{V|,V2,V3}.
poerEe s a4 3 —4 4 5 4
—24’-81001220@22
[Vx"z"a“]”“ ~ w
i g g |0y A Bl 0l 0 @
3 4 5 -5 04—10?00017

Note: For a quiz, you could use w = (1, =311, 8), which is in Span{vi, V2, Vi}-

7. a. There are three vectors: Vi, V2, and v3 in the set {Vvi, V2, Va}-
b. There are infinitely many vectors in Span{vi, V2, v3} =Col 4.
¢. Deciding whether p is in Col 4 requires calculation:
2 '3 4 6 e e S 3 4 6
4 pl~|-8 8 6 “1olelo. 4. =10 141~ 0 @ -10 14
6 -1 -1 11 0 2 5 =7 0 O 0o 0
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Bt oo W=l <907 g B 2 o0 1
8.[4pl=[ 0 2 6 14|~ 0 2 _ 14~ 0 @ -6 14
6 3 3 -9 0 -1 3 7 R B L

Yes, the augmented matrix [4 p] corresponds to a consistent system, so p is in Col 4.
9. To determine whether p is in Nul 4, simply compute Ap. Using 4 and p as in Exercise 7
2 3 4 6 -2

Ap=|-8 8 6(-10(=|-62 . Since Ap # 0, p is not in Nul 4.
6 -7 -7 11 29

10. To determine whether u is in Nul A, simply compute Au. Using 4 as in Exercise 7 and u = 2, 3,1),
=3 =2 ol[=2 0
du=| 0.2 <6l = 0. Yes, uisin Nul 4.
6 3 3 1 0

1. p=4and q = 3. Nul 4 is a subspace of R* because solutions of Ax = 0 must have 4 entries, to match the
columns of 4. Col 4 is a subspace of R’ because each column vector has 3 entries.

12, p=3and q =4.Nul 4 is a subspace of R* because solutions of 4x = ¢ must have 3 entries, to match the
columns of 4. Col 4 is a subspace of R* because each column vector has 4 entries.

13. To produce a vector in Col 4, select any column of 4. For Nul 4, solve the equation Ax = 0. (Include an
augmented column of zeros, to avoid errors. )
S 1 -5 0 32 I =510 3
—9—-4170-024—-80~024-—80
0 0

A - T W 1 B TS R 0 0 0 o0
o L e 1 6 R ST R | ()+ 2x5 — 4x, = 0
8.0 00 0D, 6 0 0=0

The general solution 18 X1 = x3 — x4, and Xy =—2x3 + 4xy, with x; and Xy free. The general solution in
parametric vector form is not needed. All that is required here is one nonzero vector. So choose any

values for x; and x, (not both zero). For instance, set x; = 1 and X4 = 0 to obtain the vector (1,-2,1,0) in
‘Nul 4,

: Section 2.8 of Study Guide introduces the ref command (or rref. depending on the technology),

ch produces the reduced echelon form of a matrix. This will greatly speed up homework for students who
a matrix program available.

4. To produce a vector in Col A, select any column of 4. For Nul 4 » solve the equation Ax = 0:
2. 8370171 2 3 01 5 3 0] [ o -1/3 o
N e S B | e 0 153 ol o @ 5/3 o

= =1 0 0| [0 9 15 00000000
27 Wb |o ‘s s 00000000

The general solution is %1 = (1/3)x; and x, = (-5/3) x3, with X3 free. The general solution in parametric
Bvector form is not needed. Al that fc wammfod 1o o 0073 S

¥
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15.

16.

17.

18.

19.

20.

21.

22.

CHAPTER 2 = Matrix Algebra

Yes. Let 4 be the matrix whose columns are the vectors given. Then 4 is invertible because its
determinant is nonzero, and so its columns form a basis for R, by the Invertible Matrix Theorem (or by
Example 5). (Other reasons for the invertibility of 4 could be given.)

No. One vector is a multiple of the other, so they are linearly dependent and hence cannot be a basis for
any subspace.

No. Place the three vectors into a 3x3 matrix 4 and determine whether 4 1s invertible:
0 5 6 1 =7 3 1 3 =7 3
gl 1 -7 3o 5 &)= s 6|~l0 ® 6
5 % 5| =2 4 5| |0 =g x| jo @ @

The matrix 4 has three pivots, SO A is invertible by the IMT and its columns form a basis for R (as
pointed out in Example 5). '

Yes. Place the three vectors into a 3x3 matrix 4 and determine whether 4 is invertible:
{ 5 71 -5 T[T
4=l 1 <1 ol-lo 4 -7|~|0 @ -7
Zo 2 =&l |08 9] 00 >

The matrix 4 has three pivots, so A is invertible by the IMT and its columns form a basis for R’ (as
pointed out in Example 5).

No. The vectors cannot be a basis for R’ because they only span a plan in R®. Or, point out that the

1 =3
columns of the matrix | 1 —1| cannot possibly span R’ because the matrix cannot have a pivot in
2 2

every row. So the columns are not a basis for R’.
Note: The Study Guide warns students not to say that the two vectors here are a basis for R’

No. The vectors are linearly dependent because there are more vectors in the set than entries in each
vector. (Theorem 8 in Section 1.7.) So the vectors cannot be a basis for any subspace.

False. See the definition at the beginning of the section. The critical phrases “for each” are missing.
. True. See the paragraph before Example 4.

a.
b
¢. False. See Theorem 12. The null space is a subspace of R”, not R".
d. True. See Example 5.

e

_ True. See the first part of the solution of Example 8.

=

_ False. See the definition at the beginning of the section. The condition about the zero vector is only
one of the conditions for a subspace.

_ True. See Example 3.
True. See Theorem 12.
_ False. See the paragraph after Example 4.

c 0T

False. See the Warning that follows Theorem 13.
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frecious,

28. The easiest constructio

N is o write a3x3
- Vector in R’ whoge h;

rd entry is nonzero,

columns of £ dg p
invertible and the €quation Fx =

Another Way to describe this js

34 IfNul p= {0}, then the equation Px = ( has only the trivia] solutio
that P js invertible and the Cquation Px = b hg

n. Since P is Square, the IMT shows
> 5
by Theorem 5 jn Section 2.2,

§ a solution for each b in R®. Also, each solution ig unique,

35. Ifthe columns of B are linearly independent, then the equation Bx = () pag only the trivia (zero) solution.
That is, Nul g = {0}.

ed echelon form ip one step (ref or rref depending
on the program). See the Section 2.8 in the Study Guige for details, By Theorem 13, the pivot columns of
4 form a basis for Col 4.
Blss f =f g @0 25 as 3.5

= L 3, =7
8 =7 -3 4 0
For Nul 4, obtain the solution

. 71 9
BiforCIA:

00 o ¢ fBasisforco

0 B2} 0 i1 570

of Ax = in Parametric vector form:
@ + 2.5x_3 = 4.5.:[4 & 3.5.175 =0

X =<2 + 4.5, — 3.5x;
I2 = “1.5.1'3 + 2.5.X4 = I.st
¥3. X4, and x5 are free

“‘Solution:
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A LT o 50 0]l e =512
6. b by x1=| 1 .8 0l=0 22 Mj=0 1 12
it bl O 14 3] [0 00t a 0

x] ¢ -5/2
X|g= = :
o s 1/2
7. Fig. 1 suggests that w = 2b; — b, and x = 1.5b; + .5b, in which case,

2 1.5
[wls= \: 1] and [x]g = [ 5]. To confirm [x]g, compute

3 -1| |4
1.5b, +.5b, =1.5| _|+.3 =l |=X
i 0 2 1

Figure 1 Figure 2

Note: Figures | and 2 display what Section 4.4 calls B-graph paper.

8. Fig. 2 suggests that x = 2b; — by, y = 1.5b; + by, and z = —b, — .5b,. If so, then

[xls= [j:l ¥ls = E{SJ ,and [z]g = \::15] . To confirm [y]s and [z]s, compute

B N R B

1 3 2 4l [@®-3 2 4

Lh

! : 3. 0 <1 4| lo 059,
9. The information 4= ~ is enough to see that columns 1, 3, and 4 ¢
s g w800 0 G
=4 12 2 7 o 0 0 O
1] 2|4
] =311~ 5
A form a basis for Col A: ; ;
21l 4113
-41] 2 7

Columns 1, 2 and 4, of the echelon form certain cannot span Col 4 since those vectors all have zero in
their fourth entries. For Nul 4, use the reduced echelon form, augmented with a zero column to insure
that the equation Ax = 0 is kept in mind:
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@ -3 0 0 o ) - 3x, =0 %] [3% 3 3
0 0 0 0 =0 % 1 1
D : ® A ) =x,| | So| |is
00 0 @D o = X 0 0 0
0 0 0 0 o X, is the free variable Xy 0 0 0

a basis for Nul 4. From this information, dim Col 4 = 3 (because 4 has three pivot columns) and dim Nul
A =1 (because the equation 4x = 0 has only one free variable).

. =2 9 5 .4 -2 59 .5 4
=1 6.5 &3 0 -3 0 -
The information 4 = ~ @ shows that columns 1, 2,
=270 #6 oL 2 lsi0teiatg T -3
4 I el =g OF RO 0 o )
1[[=2][5
: 1/|-1]]5
and 4 of 4 form a basis for Col 4: 211 olly . For Nul 4,
4 {1
D o0 3 0 0 o0 D +3x =0
0 =3 0 =%, 0 -3 - Tx%. =0
[4 0]~ @® . @ X 5
00 0o @D-=2 o — 2xs =0
0 0 0 0 0 o Xy and x5 are free variables
(5] [ 3% 7 [=31 T[o] (=310
X, 3%y 7% 3 7 3117
X=|x5 |= X =X3] 1|+x5|0| BasisforNuld4:| 1|,] 0].
Xg 2x; 0 2 0] 2
0 I bs OJ 1] LOJ[1]
From this, dim Col 4 = 3 and dim Nul 4 = 2.
Tl 1538 a0 1 2. =5 0 -1
2 8 -8 4. 3 0 24 -5
. The information 4= ~ @ shows that columns 1, 2,
=3 =B 1O el D 0.0 .01 2
Fv10o= -Ily g 0.@s & @ 0
0
. ; 2 5 4
and 4 of 4 form a basis for Col A- 3o || =7 | For Nul 4,
3 10 11
0 _'9 0 5 0 @ = 9x3 + 5x5 = O
(4 0] 0, @ 2 0 =8 g @)+ 2x  —3x=0
g% U9 M 27 el @)+ 2x5 =0
00 0 0 0 0] ux; andx; are free variables
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[ x 0%, ~55s | 1[40 -5 [eo =5
X, | | 2% +3x -2 3 2
xX=|x%|= X =x;| 1|+x5| 0| BasisforNuld:| I}, 0]
X ~2x; 0 -2 ol -2
E AR ey [N | 1] Leiufialia

From this, dim Col 4 = 3 and dim Nul 4 = 2.

2 -4 "3 ~3 2 -4 3 -3
: _ g i aiosy mgltlierte @2 "0
12. The information 4= ~ shows that columns 1, 3,
4.8 9 g 7|Tlee 0 e &
9 -4 5 V0 <6000 0 0 0
i —4
: . 511-91| 8
and 5 of 4 form a basis for Col 4: allobl 71 For Nul 4
|-2] | 5] |-6
@2 0 -5 0 0] @+2n ~bx. =0
(4 O]NO o -2 0 0O B 2g, =0
pii@g o o o (x)="0
0 00 0 0 0] x, and x, are free variables
Txn] [=2n+5%] [-2] [5] 21 5]
% % 1 0 1] 0
X=|x|= 2x, =x,| 0|+x,| 2| BasisforNul4:| 0}, 2.
Xy X4 0 1 0 1
el 0 | L8] Lol Lol o

From this, dim Col 4 =3 and dim Nul 4 =2.

13. The four vectors span the column space / of a matrix that can be reduced to echelon form:
sy R TR T, A T T VA S SR O 3 2 4
-3 9 =L 5 OFe O BN @ 0 5 =F 0 0 ® -7
e s Clneg o0 5Te o efis[D R 0 @
=t 12 2 7 .8 .78 0.0 0 3 o 0 0 O

Columns 1, 3, and 4 of the original matrix form a basis for H, so dim H = 3.

Note: Either Exercise 13 or 14 should be assigned because there are always one or two students who confus
Col 4 with Nul 4. Or, they wrongly connect “set of linear combinations” with “parametric vector form™
the general solution of Ax = 0).

14. The five vectors span the column space / of a matrix that can be reduced to echelon form:
§ = 2 veinediey 3 U S 3l [ 2 6 -1 3
0

g cfprteaiaml g -1 2 3 =5 G) 2 3°-5
p 4 6 F.04l 0 3 6 % 15 [0 0 0 0
s ¢ § T -5 lo =4 § I2 -20] [0 © 0 O O

1 a3y el st oete farm a basis for H, so dim H = 2.
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~ 15. Col 4 =R’ because 4 has a pivot in each row and so the columns of 4 span R®. Nul 4 cannot equal R?,
because Nul 4 is a subspace of R’. It is true, however, that Nul 4 is two-dimensional. Reason: the
equation Ax = 0 has two free variables, because 4 has five columns and only three of them are pivot
columns.

16. Col A cannot be R® because the columns of 4 have four entries. (In fact, Col 4 is a 3-dimensional
subspace of R”, because the 3 pivot columns of A form a basis for Col 4.) Since 4 has 7 columns and
3 pivot columns, the equation 4x = 0 has 4 free variables. So, dim Nul 4 = 4.

 17. a. True. This is the definition of a B-coordinate vector.

b. False. Dimension is defined only for a subspace. A line must be through the origin in R” to be a
subspace of R".

¢. True. The sentence before Example 1 concludes that the number of pivot columns of 4 is the rank of
A, which is the dimension of Col 4 by definition.

d. True. This is equivalent to the Rank Theorem because rank A4 is the dimension of Col 4.
e. True, by the Basis Theorem. In this case, the spanning set is automatically a linearly independent set.

18. a. True. This fact is justified in the second paragraph of this section.

= =

. True. See the second paragraph after Fig. 1.

¢. False. The dimension of Nul 4 is the number of fiee variables in the equation 4x = 0.
See Example 2.

d. True, by the definition of rank.
e. True, by the Basis Theorem. In this case, the linearly independent set is automatically a spanning set.

19. The fact that the solution space of 4x = 0 has a basis of three vectors means that dim Nul 4 = 3. Since a
5%7 matrix A has 7 columns, the Rank Theorem shows that rank 4 = 7 — dim Nul 4 = 4.

Note: One can solve Exercises 19-22 without explicit reference to the Rank Theorem. For instance, in
‘Exercise 19, if the null space of a matrix 4 is three-dimensional, then the equation Ax = 0 has three free
variables, and three of the columns of 4 are nonpivot columns. Since a 5x7 matrix has seven columns, 4 must
Thave four pivot columns (which form a basis of Col 4). So rank 4 = dim Col 4 = 4.

20. A 4x5 matrix 4 has 5 columns. By the Rank Theorem, rank 4 = 5 — dim Nul 4. Since the null space is
three-dimensional, rank 4 = 2.

21. A 7%6 matrix has 6 columns. By the Rank Theorem, dim Nul 4 = 6 — rank 4. Since the rank is four, dim
Nul 4 = 2. That is, the dimension of the solution space of Ax = 0 is two.

22. The wording of this problem was poor in the first printing, because the phrase “it spans a four-
dimensional subspace” was never defined. Here is a revision that I will put in later printings of the third
edition:

Show that a set {vy, ..., vs} in R" is linearly dependent if dim Span{v,, ..., vs} =4.

Solution: Suppose that the subspace H = Span{v,, ..., Vs} is four-dimensional. If {vi, ..., Vs} were
linearly independent, it would be a basis for /. This is impossible, by the statement just before the
- definition of dimension in Section 2.9, which essentially says that every basis of a p-dimensional
¥ subspace consists of p vectors. Thus, {vi, ..., vs} must be linearly dependent.

. A 3x4 matrix A with a two-dimensional column space has two pivot columns. The remaining two
columns will correspond to free variables in the equation A4x = 0. So the desired construction is possible.



4. We calculate that
-1

3

o4 0

x=(4)| 2(+8 -5+ -7]=| 1l

0

5. The matrix [b,

6. The matrix [b,

7. The matrix [b,

- 8. The matrix [b,

9. The change-of-coordinates matrix from

b,

b,

2

x| row reduces to

x]

bs

b;

3 =5

|

row reduces to [

L0
LA
1
0

_—

1
x| row reduces to | 0
0

1
x] row reduces to | 0
0

8
)

s
2

—

e S

0
0
1

0
0
1

8
J, S0 [x], =[_5J.
J, S0 [x], :{‘;J

-1 -1
=11, so [x], =| 1|,
3 3
~=2 -2
0], s0([x],=| o]
5 5

B to the standard basis in 2 is

-
N 18

| %
P, =[b, bz]{_g SJ.
10. The change-of-coordinates matrix from B to the standard basis in
L (L 8
B=[b, b, bi]=[-1 o _|
C

11. Since P, converts x into its B-

|

[x]p = P}?_]x

3
=5

5
6J

[ 4Hee

—3/2

coordinate vector, we find that

I-

o]

12. Since 2, converts x into its B-coordinate vector, we find that

[x], =P, 'x

€

k

13. We must find €15 ¢, and ¢

q(+£%) +¢, (t+1%)+cy(1+ 2 +1%)=p(1)
Equating the coefficients of the two polynomials

S

6]“

7

3
=2

2 -7/2
0 5/2
such that
= ]

4
7

I

2

o]

=1+41+72.

produces the system of equations

44 < Solutions 209
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u, ifand only if there exist scalars ¢;,....C, such that

(7

26. By definition, W is a linear combination of u;,...,
w=cu +-+c,
Since the coordinate mapping is linear,
[w]g=cl[u,]g+---+cp[up]3 (8)

cause the coordinate mapping is on
d only if [w], is a linear combination of [u],,....[u],-

Conversely, (8) implies (7) be e-to-one. Thus w is a linear

combination of u,,....u, if an

ercises 27-34. The language in the Study
Exercise 32, students may have difficulty
giving a vector in [ 3 as an answer for

Note: Students need to be urged to write not just to compute in Ex

Guide solution of Exercise 31 provides a model for the students. In

distinguishing between the two isomorphic vector spaces, sometimes

part (b).

0,0, 1), (3,1,-2,0),and (0,~1,3,~1)

coordinate vectors (1,
lumns of a matrix and

27. The coordinate mapping produces the
dence of these vectors by writing them as co

respectively. We test for linear indepen
row reducing:

1 3 0 1 0 0

o 1 -1/ 10 10

0 -2 3 (e 0 1

L. & = 0 9 0
Since the matrix has a pivot in each column, its columns (and thus the given polynomials) are linearly
independent.

-2,-3),(0,1,0,1), and (1,3,-2,0)

duces the coordinate vectors (1,0,
y writing them as columns of a matrix and

28. The coordinate mapping pro
dependence of these vectors b

respectively. We test for linear in
row reducing:

1 0 1 TZR* ]
B il G 1.3
-2, 0 .72 0 0 0f

=

S 1 @) |@ D

Since the matrix does not have a pivot in each column,
linearly dependent.

its columns (and thus the given polynomials) are

is (1,2, 1,0), (-2, 0,0, 1), and (-8, 12. -6, 1)

29. The coordinate mapping produces the coordinate vecto
em as columns of a matrix

respectively. We test for linear independence of these vectors by writing th

row reducing:

{ -2 811 0 -6
5 0 12| o 1 1
’ . o =6/ o o of

0 1 1 i I
Since the matrix does not have a pivot in each column, its columns (and thus the given polynomials) are

linearly dependent.

3(

31.

32,



h that
(7

(®)

6, 1)
matrix and
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30. The coordinate mapping produces the coordinate vectors (1 ,—3,3,

respectively. We test for linear independence of these vectors by w
row reducing:

—1),(4,-12,9, 0), and 0,0,3,-4)
riting them as columns of a matrix and

e & ) - T G
S S W S
3 9 3(7lo o0 of
-1 0 -4/ |0 o o

linearly dependent.

31. In each part, place the coordinate vecto
matrix to echelon form.

1 -3 —4 l 1 3 4 1]
#1835 5 glder iy =7 =3
3 =1 =6 A le 9 g 0
Since there is not a pivot in each row, the original four column vectors do not span 3, By the
isomorphism between 2 and 2, the given set of polynomials does not span .
0 1 -3 2 1 =2 2 0
b. 'S5 -8 4 _3|-[gp 2 -6 -3
LoD, 2,0 0 0 o0 7/2

Since there is a pivot in each row, the orj ginal four column vectors span i

. By the isomorphism
between ** and ©,, the given set of polynomials spans .

32. a. Place the coordinate vectors of the polynomials into th
L 2 9 L 2
echelon form: [0 -1 2|~ 0 -1 2

1 3 4] |0 0 =3

€ columns of a matrix and reduce the matrix to

The resulting matrix is invertible since it row equivalent to /,. The original three column vectors
form a basis for 1* by the Invertible Matrix Theorem. By the isomorphism between 3 and 7,, the
corresponding polynomials form a basis for .

b. Since [q], =(-3, 1,2), g= =3p; +p, +2p;. One might do the algebra in %5 or choose to compute
1.2  1l[=3 1

0 -1 2| 1|=| 3| This combination of the columns of the matrix corresponds to the same
1L 3 -4 2| =8

combination of p,, P>, and p;. So q(¢)=1+37—8°.

33. The coordinate mapping produces the coordinate vectors (3, 7, 0, 0), (5, 1, 0, -2),(0, 1,2, 0) and

(1, 16,-6, 2) respectively. To determine whether the set of polynomials is a basis for ©

"3, We investigate
Wwhether the coordinate vectors form a basis for 7%, Writing the vectors as the columns of a matrix and
Tow reducing

3 5 0 1 1002]
7 1 1 16| [0 1 0 —1



