() = [A/ (2m)] ¢.
o
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l ] Partial Derivatives

:"-': Functions of Several Variables . . . .,

1. (a) From Table 1, f (8,60) = —7, which means that if the temperature is 8 °C and the wind speed is 60 km/h, the
the air would feel equivalent to approximately —7 °C without wind,
(b) The question is asking: when the temperature is —

12°C, what wind speed gives a wind-chil] index of —26°C?
From Table 1, the speed is 20 km /h.

(¢) The question is asking: when the wind 5

peed is 80 km/h, what temperature gives a wind-
From Table 1, the temperature is 4 °CI.

chill index of —14°(C
(d) The function J = F(—4,v) means that we fix 7" at —4 and allow v to vary, resulting in a function of one
variable. In other words, the function gives wind-chill index values for different wind speeds when the

temperature is —4 °C. From Table | (look at the row corresponding to 7' = —4), the function decreases and
appears to approach a constant value as increases,

linearly as 7" increases,

2. (a) From the table, f (95, 70)

= 124, which means that when the actual temperature is 95
humidity is 70%,

°F and the relative
the perceived air temperature is approximately 124 °F,

(b) Looking at the row corresponding to 7' = 90, we see that f(90,h) = 100 when h = 60.

(c) Looking at the column corresponding to h = 50, we see that J(T,50) = 88 when T = 85,

(d) I = f (80, k) means that T s fixed at 80 and A is allowed to vary, resulting in a function of A that gives the
humidex values for different relative humidities when the actual te

mperature is 80 °F. Similarly, ] = F (100, k)
is a function of one variable that gives the humidex values for different relative humidities when the actual
temperature is 100 °F. Looking at the rows of the table corresponding to 7' = 80 and T — 100, we see that

£ (80, h) increases at a relatively constant rate of approximately 1°F per 10% relative humidity, while
f (100, k) increases more quickly (at first with an average rate of change of 5 °F per 10% relative humidity) and
at an increasing rate (approximately 12 °F per 10% relative humidity for larger values of h).

3. If the amounts of labor and capital are both doubled, we replace L, K in the function with 2L, 2K, giving

P(2L,2K) =1.01(2L)" ™ (2K)%% = 1 01 (25" (2°2eygom
=2P(L, K)

KU.QE = (21) IIOILU.TSKU.QE

Thus, the production is doubled, It is also true for the general case P

(LK) = bL*K1- <.
P(2L,2K) = b(2L)*(2K)*~ = p(2° 1l P e (22F1==)bLeKi~= = 2p(T, K).
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8 (09(2-24)=mh(25-2"- (-2 -4%) =m1=0.

(b) For the logarithmic function to be defined, we need 25 — 22 — 42 — 22 > 0. Thus the domain of gis
{(z,9,2) | 2% + y* + 2% < 25}, the interior of the sphere 22 + y? 4 2% = 25.

(¢) Since 0 < 25 — 2® — y? — 2% < 25 for (2, y, 2) in the domain of g, In(25 — 2% — 3 — 2?) < In 25. Thus the
range of g is (—oo, In 25].

9. The point (-3, 3) lies between the level curves with z-values 50 and 60. Since the point is a little closer to the level

curve with z = 60, we estimate that f(—3, 3) ~ 56. The point (3, ~2) appears to be just about halfway between
the Jevel curves with z-values 30 and 40, so we estimate f (8, —2) == 35. The graph rises as we approach the origin,

gradually from above, steeply from below. '

10. If we start at the origin and move along the z-axis, for example, the z-values of a cone centered at the origin
increase at a constant rate, so we would expect its level curves to be equally spaced. A paraboloid with vertex the
origin, on the other hand, has z-values which change slowly near the origin and more quickly as we move farther
away. Thus, we would expect its level curves near the origin to be spaced more widely apart than those farther from

the origin. Therefore contour map I must correspond to the paraboloid, and contour map II the cone.

11. Near A, the level curves are very close together, 12. y
indicating that the terrain is quite steep. At B, the
level curves are much farther apart, so we would
expect the terrain to be much less steep than ) ;

near A, perhaps almost flat. ( @9 )

13. 14.
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15. The level curves are zy = k. For ke = 0 the curves 16. The level curves are k = 22 — 3% Whenk =0,
are the coordinate axis; if k > 0, they are these are the lines y = £ When k > 0, the
hyperbolas in the first and third quadrants; if curves are hyperbolas with axis the x-axis and
k < 0, they are hyperbolas in the second and when k < 0, they are hyperbolas with axis the
fourth quadrants. y-axis.

17. The level curves are y —Ina = kory=Inz+k 18. The level curves are ¥/ = [ or equivalently
y=clnk(z#0).2 family of lines with slope
In k (k > 0) without the origin.

0.1

19. ksﬂ/m+yorf0rz:+y20,k2 =&+ 20. k = ysecx ory = kcosz, & # T +nm
ory =—z+k*. (n an integer)
Note: k > 0since k = /T + 9.

" b\

R,

N k=z—
of parabo

23, Thec
(Or, i
The ¢
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24. The contour map consists of the level curves k = V36— 922 —4y? = 9%+ 4y? = 36 — k%, k > 0, a family
of ellipses with major axis the y-axis. (Or, if k = 6, the origin.)
The graph of f(z,y) is the surface z = m, or equivalently the upper half of the ellipsoid
922 + 4y 4 22 = 36.

If we visualize lifting each ellipse k = /36 — 922 — 4y of the contour map to the plane z = k, we have |
horizontal traces that indicate the shape of the graph of f.

25. The isothermals are given by k = 100/ (1 + 2> + 2y?) or 2* + 2y? = (100 — k) /k (0 < k < 100),

a family of ellipses. |

26. The equipotential curves are k = ¢ /\/rz — 22—y orzt 4yt =1 — (¢/k)?, a family of circles (k > c/r).

Note: As k — oo, the radius of the circle approaches 7.
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30. f(z,y) = zy® — ya®

The traces parallel to either the yz-plane or the z:z-plane are cubic curves.

31. (a) B Reasons: This function is constant on any circle centered at the origin, a description which matches
(b) III only B and II1.

32.(a) C Reasons: This function is the same if z is interchanged with ¥, S0 its graph is symmetric about the
() II plane z = y. Also, z(0,0) = 0 and the values of z approach 0 as we use points farther
from the origin. These conditions are satisfied only by C and II.

33. (@) F Reasons: z increases without bound as we use points closer to the origin, a condition satisfied only
(b) V by Fand V.

34. (a) A Reasons: Along the lines y = :I:%a: and z = 0, this function is 0.
(b) VI

35. () D Reasons: This function is periodic in both = and y. with period 27 in each variable.
(b) IV

36. (a) E Reasons: This function is periodic along the z-axis, and increases as ly| increases. -
(by I

31. k = = 4 3y + 5z is a family of parallel planes with normal vector (1,3, 5).

38. k = a® + 3y” + 527 is a family of ellipsoids for k > 0 and the origin for k = 0.

39. k = 2% — y* + 27 are the equations of the level surfaces. For k = 0, the surface is a right circular cone with vertex
the origin and axis the y-axis. For k > 0, we have a family of hyperboloids of one sheet with axis the y-axis. For
k < 0, we have a family of hyperboloids of two sheets with axis the y-axis.

0. k =2% - isa family of hyperbolic cylinders. The cross section of this family in the xy-plane has the same graph
as the level curves in Exercise 16.

41. (a) The graph of g is the graph of f shifted upward 2 units.
(b) The graph of g is the graph of f stretched vertically by a factor of 2,
(c) The graph of g is the graph of f reflected about the zy-plane.

ok g ) T A . T e e 1 I LI o R e P T B T T e = vy i A ¥
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f(z,y) = %/ (2® + y?). First approach (0, 0) along the z-axis. Then f(z,0) = 2%z = 1 forz # 0, so
f(z,y) — 1. Now approach (0, 0) along the y-axis. Then for y # 0, f(0,y) = 0. so f(z,y) — 0. Since f has two
different limits along two different lines, the limit does not exist.

flz,y) = (z+ 1,1')2/(32 — yz). As (2,y) — (0,0) along the z-axis, f(z,y) — 1. Butas (z,y) — (0,0) along
the line y = =, f(z, z) = 42°/(22®) = 2 for z # 0, s0 f(z,y) — 2. Thus, the limit does not exist.

. f(z,y) = 8z%y%/ (z* + y*). Approaching (0,0) along the z-axis gives f(z,y) — 0. Approaching (0, 0) along the

liney = =, f (z,x) = 8a*/22* = 4 for = # 0, so along this line f(z,y) — 4 as (z,y) — (0,0). Thus the limit
doesn’t exist.

2
+ T z? + lim =
(z,y}—(0,0) ( J )/ ¥ ) (.9)—(0, 0)
flz,y) = —ZY __ We can see that the limit along any line through (0, 0) is 0, as well as along other paths

through (0, 0) such as & = y? and y = #>. So we suspect that the limit exists and equals 0; we use the Squeeze

= < |z| since |y| € \/z? + y2, and |z| — O as (x,y) — (0,0).

N

Theorem to prove our assertion. 0 <

So -
(=, y) (0 O)f( y) =
2
We can use the Squeeze Theorem to show that  lim %—513—2 0:
(=) (0,0) &2 + 22
Y o oy sines T 0as (z,y) — (0,0),s0 lim e’y 0
S — — e 2
Sy oY Syt = 4 e 130 0,0) B + 297

Let f(z,y) = Then f(z,0) = 0forx # 0, so f(z,y) — 0as (z,y) — (0,0) along the z-axis. But

E4+ 27
4

flz2*) = % =1forz # 0,50 f(z,y) — 1as (z,y) — (0,0) along the parabola y = 2. Thus the limit

doesn’t exist.

Hai)m e 9E=2)  Then f(z,0) = 0for s £ 2 50 F(2,3) — 085 (2,9) — (2,0)
’ 22 +y? —dz+4 24 (2—2)° ' » ) ’ )
(z=2)(z—-2) (z—2)? il

(z—22+(z—2)2  2(x—2)2 2

(x,y) — (2,0) along the line y = = — 2 (z # 2). Thus, the limit doesn’t exist.
i ® +9° i ?+4° VR 4yi4+141

ED=00 R+ +1—1  @3)=09) \/m2 TP +1-1 R+ +1+1

H(VEF+1+1)

im
(=,4)—(0,0) mz =+ y2

\/m+1)

along the z-axis. But f(z,z —2) = forz # 2,50 f(z,y) — 3 as

(r !,r)—’(0 0) (

2 - . .
e® * cos(y + z) is a continuous function, so

" cos(y + z) = S cos(—2 4 2) = e'®cos0 = '®

lim
(o mi w3l T O D
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2 2
I
B A B8 = it at
f(z,y,2) — 0. But f(z,2,0) = z°/(227) = 3 for z # 0, 50 as (2,y,z) — (0,0, 0) along the line y = =, z = 0,
f(z,y,2) — 4. Thus the limit doesn’t exist.

. Then f(x,0,0) = 0/z® = 0 for z # 0, s0 as (z,y, 2) — (0,0,0) along the z-axis,

22 4 2y% + 322 z?+0+40
18. f(z:,y,z) = ?:_%54_7 Then f(.’L‘,U,O) = m = 1f01'$~750, S0 f(:c,y,z} —+ 1 as
) 0+22+0

(%,y,2) — (0,0,0) along the z-axis. But f(0,y,0) = =2fory # 0,50 f(z,y,2) — 2as

0+%42+4+0
(x,y,z) — (0,0,0) along the y-axis. Thus, the limit doesn’t exist.

From the ridges on the graph, we see that as (z, ) — (0, 0) along
the lines under the two ridges, f(xz,y) approaches different values.

So the limit does not exist.

From the graph, it appears that as we approach the origin along the
lines & = 0 or y = 0, the function is everywhere 0, whereas if we
approach the origin along a certain curve it has a constant value of
about 3. [In fact, f(y°,y) = v%(2y°) = 4 fory # 0,50

f(z,y) — 3 as (z,y) — (0,0) along the curve z = y°.] Since
the function approaches different values depending on the path of
approach, the limit does not exist.

2. h(z,y) = g(f(z,y)) = (2z + 3y — 6)® + /2% F 3y — 6. Since f is a polynomial, it is continuous on R? and
g is continuous on its domain {t | ¢ > 0}. Thus h is continuous on its domain
D = {(z,y) | 22 + 3y — 6 > 0} = {(=,y) | y > — 3z + 2}, which consists of all points on or above the line
y= —%:c + 2.

2. h(z,y) = g (f(z,y)) = sin(yInz). Since f(z,y) = yInz itis continuous on its domain {(z,y) | = > 0} and ¢
is continuous throughout R. Thus A is continuous on its domain D = {(z,y) | > 0}, the right half-plane
excluding the y-axis.

23, From the graph, it appears that f is discontinuous along the line

y = x. If we consider f(z,y) = e/(*™¥) a5 a composition of
functions, g(z,y) = 1/(z — y) is a rational function and therefore
continuous except where z —y =0 = y = . Since the

function h(t) = e* is continuous everywhere, the composition

h(g(z,y)) = e’/E¥) = f(z,y) is continuous except along the

g o
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f(z,y) — 0as (z,y) — (0,0) along the z-axis. But f(z,z) =2?/(32%) = L forz # 0, so flz,y) — L as
(z,%) — (0,0) along the line y = z. Thus ; I)m:ED . f(z,y) doesn’t exist, so f is not continuous at (0,0) and the
XY )= FLiA

largest set on which f is continuous is {(z, y) | (z,9) # (0,0)}.

" (z,y)—(0,0) 2 + ¥y ot

3 5 3 . 3
3 g T i (rcosf) :;(rsmﬁ) - .lim+ (rcossﬁ+rsin38)=0
ey

2
34 lim (a:2 +y2) ln(:v:2 +y2) = lim 2 Inr® = lim mr

" () —(0,0)

r—0+ r—0t 1!?‘2
1/r%)(2
= rl_i.r€+ (—fz—/);—r) (using I’'Hospital’s Rule) = rli‘[gl_'_ (—rg) =0
. Yz = (psinqf:cos&)(psincﬁsinﬂ)(pcosq&)
5, (z,g,zgl—r&a,u,a) 24 y2 422 T pI_l.r& p?

= lim (psin? ¢cosgsinfcosf) =0
p—ot

%. lim Mz L )
(zy)—(0,0) x% 4 42 raot 72
indeterminate form of type 0/0. Using I"Hospital’s Rule, we get

sin(r?) y " 2r cos(r?)

, which is an

m —~ = lim = 7 — 1y cos(r?) = 1. E
r—0+ r2 PO+ 2r r—0+ ( ) 0 il
. sin# = =1
Or: Use the fact that lim =il * 3 o =2
H—0 0 x
¥ 2 2
74

@ Partial Derivatives . . . . . . . . . .

1. (a) 9T /Ox represents the rate of change of 7' when we fix y and ¢ and consider 7" as a function of the single
variable z, which describes how quickly the temperature changes when longitude changes but latitude and time
are constant. 9T'/ 9y represents the rate of change of T' when we fix z and ¢ and consider T" as a function of y,
which describes how quickly the temperature changes when latitude changes but longitude and time are
constant. 97"/t represents the rate of change of T when we fix = and y and consider T as a function of ¢,
which describes how quickly the temperature changes over time for a constant longitude and latitude.

(b) f=(158,21,9) represents the rate of change of temperature at longitude 158 ® W, latitude 21 ° N at 9:00 am.
when only longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an
increased air temperature, so we would expect f (158, 21,9) to be positive. fy(158,21,9) represents the rate of
change of temperature at the same time and location when only latitude varies. Since the air is warmer to the
south and cooler to the north, increasing latitude results in a decreased air temperature, so we would expect
fy(158,21,9) to be negative. f; (158,21, 9) represents the rate of change of temperature at the same time and
location when only time varies. Since typically air temperature increases from the morning to the afternoon as

g e e e T e )
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f2(2,1) is the rate of change of f at (2,1) in the z-direction. If we start at (2,1), where f(2,1) = 10, and move in
the positive z-direction, we reach the next contour line (where f(z,y) = 12) after approximately 0.6 units. This
represents an average rate of change of about -D—?g. If we approach the point (2, 1) from the left (moving in the
positive z-direction) the output values increase from 8 to 10 with an increase in x of approximately 0.9 units,
corresponding to an average rate of change of 3?3‘ A good estimate for f(2, 1) would be the average of these two,
50 f2(2,1) ~ 2.8. Similarly, f,(2,1) is the rate of change of f at (2, 1) in the y-direction. If we approach (2,1)
from below, the output values decrease from 12 to 10 with a change in y of approximately 1 unit, corresponding to
an average rate of change of —2. If we start at (2, 1) and move in the positive y-direction, the output values decrease
from 10 to 8 after approximately 0.9 units, a rate of change of ﬁg. Averaging these two results, we estimate
£,(2,1) =~ —2.1.

flz,y) =16 —42® —y® = fu(z,y) =—8zand fy(z,y) =2y = [2(1,2)=-8and fy(1,2) = —4.
The graph of f is the paraboloid z = 16 — 422 — ? and the vertical plane y = 2 intersects it in the parabola

2 =12 — 4z?, y = 2 (the curve C1 in the first figure).

The slope of the tangent line to this parabola at (1,2, 8) is f=(1,2) = —8. Similarly the plane z = 1 intersects the
paraboloid in the parabola z = 12 — 4%, z = 1 (the curve C2 in the second figure) and the slope of the tangent line
at (1,2,8) is f,(1,2) = —4.

~12 and

fzy) = (4-22—4?)"? = folz,y) = —c (42" - 4°)
fo(@y) = 4y (4— 22 —4?) 7 = £2(1,0) = -7, fy(1,0) = 0. The graph of f is the upper half of
the ellipsoid 22 + 2 + 4y? = 4 and the plane y = 0 intersects the graph in the semicircle z?+22=4,2z>0and
the slope of the tangent line T} to this semicircle at (1,0,v/3) is f2(1,0) = ——5- Similarly the plane = = 1
intersects the graph in the semi-ellipse 22 4 4y? = 3, z > 0 and the slope of the tangent line 7% to this semi-cllipse

at (1,0,v/3) is f,(1,0) = 0.
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=z = 9z _ v 02 _ gzetv
dx ’
z=yhz = -g—%=%,%yzi=lnm
) (et -E-n@® _ %
f(ﬁ,y) = m—l—y = .fm‘(ﬂ:vy) & (m_l_y)z = (I+y]2’
_(DE+y) -9 _ 2z
e N GRS
flz,9) =2¥ = fo(z, ) =yz¥"!, fy(z,y) =’ Inz
w=sinacos§ = %%:cosacosﬁ,g—t;—z-—sinasinﬁ

tﬂ(sﬂ +t3) _ st2(2s) B 22

o) = s = falst) =

2+ @iy @7
fe,t) = 2st (s + %) — st*(2t) _ 25%t
tloy (32 i t2)2 (32 +t2)2

Fp) = o™ (%) = fultv)= -]__-|-_[_::;,—/u_)i (-}?) B % (u;f—{v?) - u2iv2,

1 u u v? u
folw,v) = 1+ (u/v)? (_".LE) T (uz—i-vz) T w2 4?

; . 4 t sin(t /)
22. f(ﬂ:, t) — esm(t{z) = fe (ll?g t) = Esm{t‘;z) cos (;) (——2) = —tcos ("t‘) £ y

24.

25.
26.

R T T2

sin{t/x)
- sin(t/z) £ _]; s ) .t—
fi(z,t) =€ cos(x)(m) - m‘.a(m

mz+y2+m)/ [2Z T 2 1

9z - . —1/2

T = 1+ 3(a* +9° 2)| = L

GE Hm[ 1 (o2 +7) " 22)] A Ve

—az — ____%——— _,],'_ 2 2 —1;2 2 — 'y

Oy x4+ z2+y’ (2)( tv) o0 o/ g+ 2+
o T

fla,y) = j cos(t?) dt = falz,y) = -‘% cos(t?) dt = cos (z*) by the Fundamental Theorem of
L v

- y
Calculus, Part 1; fy(z,y) = E% f cos(tg] dt = —(% [ cos(t?) dt = — cos(yg).
u *

f(z,y,2) = w22 +3yz = f(2,9 2) =y*2%, fyle,9,2) = 2wyz® + 32, f=(z,y,2) = 3zy*z® + 3y
f(z.y,2) = 2e¥* = fu(z,y,2) = 2z, fulz,y,2) = z2e¥*(z) = z?ze??,
folz,y, 2) = 22e¥* (y) = 2°ye*™.

o 1 oy 2 dw 3
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w 1 oy —1/2 r Aw s
W=Vt 2 = —==(r24+s2+t 2r) = ,— = .
ar 2( | Vr2+s2 127 s fr2 42412
w_ ¢
ot VP42
u=ze 'sinf = ? e tsinf?,-é—;-’:u'?=—xe sin 0, %é—xe_tcoSB
y/z _ y/z
L =gV = uI=2m(W‘) Ly =2¥*Inz- Lo Inw, u, =2¥*Inzg - =2 = y:z:2
z z 22 z
T —y 1 1
feyz)=—— = L@yz)=—hlEynt)=——7,

folez) = @=9)(D-07 = L
_ -2 r—=y
ft{m‘ y‘z:t) o (m = )( 1 z ‘_‘t) ( 1) ( t)2

fle,y,2,t) = 2?22t = fu(z,y,2,t) = y22%2, fulz,y,2,8) = 22y2°8, fa(2,y, 2,t) = 322220,
and fi(z,y, 2,t) = dzy® £,

.u=+/z}+a3+ - +22 Foreachi=1,...,n,

T4

Vel+tai+-o k)

ury = A(at + o +a2) (2 =

. u = sin(@ + 2z2 4+ -+ - +nz,). Foreachi = 1,...,n, g, = icos(x1 + 2za + -+ - + nzn).

- 3
F@Y) =VEFE > f(ey) =10+ (20 = ——,50 fo(3,4) = ——— ==
flz,y) Y fa(w,y) = 5( v°) (2z) T f=(3,4) V32 T 42

. flz,y) =sin(2z +3y) = fy(z,y) = cos(2z + 3y) - 3 = 3cos(2z + 3y), so

£4(—6,4) = 3cos[2(—6) + 3(4)] = 3cos0 = 3.

flz,y,2) = m =a(y+2)"t = flz,y,2) = z(—1)(y + z)—a (y +z)2’ i
3 1
F(3,2, 1) = —m =

flu,v,w) = wtan(uv) = fo(u,v,w) = wsec*(uv) - u = uw sec?(uv), so

£2(2,0,3) = (2)(3) sec?(2 - 0) = 6.

. f(zy) =2 —zy+ 29 =

RICRIZES (27N (2 +h)® — (@4 hy+2° — (2% — 29 +2°)

o= h = h
i PRyt h) =
—r{lﬂ . _!];1%(2:c-y+h)—2w—y
£y (@) = lim JEYER = F@9) _ o P —aly+h) +2 bR - (2 oy + 27)
LS L v h T =0 h
h,(4y—x+2h] = )
h—m == = (4y z+2h) =4y —=x



<l

@l

p_-a£=z—y,so

Oz
—(m + z),

+y+2)],s0
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B@E=LE ) = F e, B
_ _ o _dou_4
W21 o) Letuma by, o 22 o 00 =@ = flaty,
dz _ 4f ou

g’ s
By " dudy ~ zg ) =r(w)=f (z+y).
B@=@ow) 5 %2 i, 5 = @) )

_ - 08 end O O Wom A
(b) 2= f(zy). Let u = zy. Then 5, = yand oy = Hence 9z~ dudz — g V=9l () =yf (2y) and
9 _dfou  af

By = oy = ag * =) = of ().

(CJzzf(i).Letuz—:—;.Then@-—l o 2

1 LB 0z df@u__ 1 l__f’(m/y)
dz  y d 8y y? o Oz du dz F'(w) y y d
8z  df

o~ ity = 0(~5) =-2Llely)

4. f(z,y) = 2* — 3% = Ja(z

Y) = dzd 6zys, Julz,y) = —9z
fzy(""":y) = "189592, fyz(-’ﬂry)

= ~182y", and fyy (z,y) = 1852,
8. f(z,y) = In@Bz+5y) = (z,y) =

*y%. Then fou (2, y) = 1242 — 61/°,

3
3—:‘;_; 5y; fy(ﬁr y) == = ThCI'I

3
3z + 5y

s 9 . 15 . 18
fee(2,y) = 3(~1)(32 + 5y)73(3) = -w, Jay(z,y) = —(—3;;5?)3, Jya(z,y) = w
25
and fyy(z,y) = “Grroe

49 u = e~ Sging = Uy = —p—F Sint, uy = ¢~ gos ¢, Then s, = &=

“sint, uy = —e—s cost,
s = —e” 7 cost, and Uit = —e " gin ¢,

5. : = ytan2z = %z = ysec?(2z) - 2 = 2ysec
Zzz = 2y(2) sec(2u) - sec(2z) tan (22) - 2 = 8y se

Zyz = sec?(2r) -2 = 2 sec®(2z), and Zyy = 0.

*(2), 2, = tan 2z. Then
?(2x) tan(2z), z,, = 2sec?(2z),

1 1 T
SLou=In\/22 1+ 2 — |n(2 DHE L f T3 e Bp=
1L u=I,/z + n(z +y) 3 In(z +y) = gy G e x Py
_ 2, oy-2 - 2ay _1 1 _ ¥
Uzy = 2(—1)(2® +y ) (2y) = _-___—_(z2+92)2 and u, = PPy 2y = 242

< 2,
Uy = y(=1)(2® + ) "*(22) = *ﬁaa- Thus uay = u,,.

52 u = gzye¥ = Ur = ye¥, uyy, = ye¥ 4 ¥

=(@+1)eY and uy = z(ye¥ +e¥) = z(y + 1)e?,
Uye = (y + 1)e¥. Thus Uzy = Uy,

53. f(x, y) = 2%5 22y = So =22y°% _ 823y, Joe = 2¢% 2422y, ooy = —48zy
8. fz,9) = e fo=gPe™’ foz = yte™V’ fray = dyPe=v® | 2ay5e*v’ = 2yPev’ (2+ zy?)
5. f(2,y,2) =25 + iyt p g2 o fo = 5z* + 45,3, Jay = 162%4323 ang Fays = 482332
5. f(z,y,2) = evvs = fy = zze®ve, Syz = we®¥% | o, TY)eTVE = petva(q + yxz), and

y y : /
fuay = 2(z2)e™v=(1 1 Y22) + me®V* (22) = z2z(2 + TYz)e®¥=




at)*.

at)?’

in the

ect to

73.

74.

75.

76.

SECTION 11.3 PARTIALDERIVATIVES O 247

fe(@y)=2+4y = foy(z,y)=4and fy(z,y) =3z —y = fiu(z,y) = 3. Since foy and f,, are
continuous everywhere but fey (%, y) # fyz (2, y), Clairaut’s Theorem implies that such a function f (z,y) does not
exist.

Setting x = 1, the equation of the parabola of
intersectionis z =6 — 1 — 1 — 2y% =4 — 292
The slope of the tangent is 8z/0y = —4y, so at
(1,2, —4) the slope is —8. Parametric equations
for the line are therefore x = 1, 4y = 2 + ¢,
z=—4— 8t

By the geometry of partial derivatives, the slope of the tangent line is f=(1,2). By implicit differentiation of
4a® + 2% + 2 = 16, we get 8z + 22 (92/0z) =0 = 9z/0x = —4x/z, so when z = 1 and z = 2 we have
0z/8z = —2. So the slope is f-(1,2) = —2. Thus the tangent line is given by z—2=—-2(z— 1),y = 2. Taking
the parameter to be ¢ = z — 1, we can write parametric equations for this line: z = 1 + ¢, 3y=2z=2—2¢%
T(z,t) = To + The~*" sin(wt — Az)
(a) 8T/0z = Tie™* [cos(wt — Az) (—A\)] + T} (—Ae™%) sin(wt — Az)
= —ATie ™" [sin(wt — Az) + cos(wt — Az)]
This quantity represents the rate of change of temperature with respect to depth below the surface, at a given
time t.
(b) 8T/0t = Tye™* [cos(wt — Az) (w)] = wTie™** cos(wt — Az). This quantity represents the rate of change
of temperature with respect to time at a fixed depth .
a (a1
(C} Tz:v =— % (a)
=—-AT1 (e"“‘ [cos(wt — Az) (—A) — sin(wt — Az) (=)
+ €7 (=) [sin(wt — Az) + cos(wt — Az)))
= 2\ T e " cos(wt — Az)

But from part (b), T} = wTie™** cos(wt — Az) = %Tm. So with k = %, the function 7" satisfies the heat
equation.
(d) Note that near the surface (that is, for small z) the

temperature varies greatly as ¢ changes, but deeper
(for large =) the temperature is more stable.
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(¢) The term — Az is a phase shift: it represents the fact that since heat diffuses slowly through soil, it takes time for

changes in the surface temperature to affect the temperature at deeper points. As z increases, the phase shift also

increases. For example, at the surface the highest temperature is reached at ¢ ~ 100, whereas at a depth of 5 feet
the peak temperature is attained at ¢ ~= 150, and at a depth of 10 feet, at ¢ ~ 220.



