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; . fspl, [0
e, From Excreise 5, the production X corressponiding i d =l.m s = .

Note that d; =d+d,, Thus
%, = -C) ',
=([=C) ' (d+d,)
= =Crla(1=C)'dy
=%+ %
. Given (f=C)x=d and (I =DAx=Ad,
[f—t‘.“,rl.:l.'+£.::!|={.f —L‘}1+{f—{.'l.ﬁ1=d v A
Thus x+Ax is the production level corresponding o o demand of d +Ad,

b Simee Ax =(/-C) ' Ad ond Ad s the first column ol [, AX will be the first column u’r'H—E'll".

In this case
g =2 0
i =| -3 8 --3
-1 0 &

Row reduce [/ =C d] 1o findl
§ =2 .0 400} [1 00 £2.8
= D ﬁu_uwh o 1 0 Bl
_1 o & ool Lo o 11102

Gy x = (82,8, 131.0, 110.3).

From Exercise 8, e (i, f) entry in (1~ €)' corresponds to the effect on production af seclar i when the
Finul demand for the output of sector nereases by ong unit, Since these entries are all positive, an
incresse b the final demand for any sector will cause the production of all sectors to increase, Thus an
inerease in the demand for any seetar will lead to an increase in the demand for all sectors.

{ Solution 1 shndy Gelde) Following the hint in the 1ext, cormpiiie px 0 two wayh. First, tnle the
ranspose of both sides of the price equition, p= Tp 4 ¥, o oblain
ol = (Cp ) =(CTpY v =g O+V
and right-multiply by x o get
p’i:{prl‘.‘-ﬂ"]xip"ﬂ:& v x .
Another way. to compute p"s starts with the production equation ¥ = €% % 4, Left multiply by p” to get
plx=p (Cxtdp=p O wp'd
The twa cxpression for p'x show that
p Cx+v x=p Cx+p'd
o v x = p'd, The Srudy Gulehe ulso provides a slightly difTerent solution

e BT L
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1.8 SOLUTIONS

Notes: This sechion i optional 1 voti plin 1o treil linear ipansformations only. lightly, but many L i T
will want to cover pl least Theorem 10 arid o Tew geometric exnmples. Exereines 15 and {6 {llostrate-a fast
iy Lo solve Fxercises | 122 withoul explicitly computing the images of the standard bsis,

The prpose of introdicing are-la-gre apd oo 18k prepan: fior the term scomarphiam (in Secthon 4.4)

and to nequaint muath majors with these herms. sastery af these coniepts wonld regquire @ gishstuntial

diggression, aid some Tructoes prefer o omil these topics Land Exerciscs 23 _40Y; I this case, You AT USE
thie result of Exercise 310 Section |8 o show thut the coordinge mapping from i veclor spuce onll R Lin
Seetinn 4 1) preserves fiedr independente and dependence of sels of vectors, (See Example & in Section 4.4.)
The notions of one-10-07E and onto uppeat in the invertible Matrix Theorem {Section 230 bt can b omited
there if desived

Exercises 25-28 andd 41-36 oifer fairly caey witing practice. Exercises 31, 37 -and 35 provide important
finks 1o eorlicr material.

Fa. =5

\ [
i A= [Tle) Tiesh] = \ a
oo

2 A={Ttey e T | 'ﬂ
e B &l 23] f-"-].] % 4_

A
3. Fliy) ==t Tiey) =y A= |~e: I|*'I]"'\‘

-

| T r i ; = -
4. m‘n]-"l Lﬁ.\.'l"lu:'l"‘lhdzl..l—ll bind 2
12 ] szj

g Tle;)=ci— 2= IrL_:-] Thes)=eud = ]-L"i '::l

B T} = o) = Bs + 2 -rl]| l—1II 3\
ey =, el =% l:.—|LII A=1p ]

4

= Follow what happens 1o € arid g4, Since ¢ s on the unit
chrele in 1o plane, i potites through 24 radians mioa
pexint on {he unil circle thal Hes in vy iied guisdrant andd
on the e 55 =5 (thnt Is, ¥ =% (11 mre familior potationy.

Tl point {<11) 18 an theme ¥y = ¥ bt its distance
Fratu the onain i J2. %0 the rointional 1nREe ol ey b8
t—'l.'u' i,---1 .'-.Jr i} Then this imoge veflects in the horizantal
skl (-2 W2Y,

Sinilarly, ey Tolnies into @ point on the unit cirele that lies in
e et il on e lie ¥y =%, , nrnelys




LY. = Habyefouk nl

(=112, Ie'u'rj] Then this Imnge reilecty 1 thee Daowrdiechnnd
axis b (~152.014/7)

I When the twi calg ulations described aborve are wrillen in vertical vector nolition, the tnnsformation’s
stanckird mairix [71e ) fesl] s ehsly seey

B T 1 [ ' : = I = =

I |_|"I'-.'I'§| |_'|"'.'|'-; I 1'-.-'E| ||-"..'r1-| ]"'\.‘J l"-.'_-',i
I |.'|lI - =} = i ‘-'_I - — = A= i o
5 |_-r-"\-'r3d- l [ Fie. | 1/2 ||-'"-.|:'.E Lo i [id2 |
|
| [0 =17
| Bowy—e, e, anid o, = g, — @), 50 A=]e, ¢]= !

T A y : : : 10l

i)

The horizonl shear mAps ¢ into ey, and then the reflection in the linexy = <) maps e, into e,
[See Table 1.} The horizontol sheis NAPE ey AN v into e ~ 26 To find the image of e, 2erwhen iLiz
reflected in the fime iy = v, use the fact that such a reflection is a linear transfarmation. So, the (g of

ey = 2ey I8 the same Hnenr combination of the images of & and &y, namely, —¢; — 2{ps) = —g, 2oy,
To summarize,

[0 =17
O =€ -ty and e, e, =Je, — =0+ 205, 50 A

%]

To find the image of ¢; - 2¢, when 1 18 reflected through the vertieal axis use the fa that stich 4
reflection is a linear transformation, So, the tinage of e; — ¢, is the samp ltnenr combination of e
imagies ol e and g, namely, g + 2,

e Lo e =8 S, 0.4 =

1. The transformation T iescribed muaps o, — € =+ =, and mnps e, — 0. — €5 A rotation through

& ridians also maps ¢, o —2: and maps-e; into —e,. Since o lingar transformation fs complerely
determined by what it dos 1o tha columng of the identity matrix, the romtion trensformstion has the
same effect as T on every vector in B
2. The transformation Tin Exercise & MRS @ =@ =d e, ancd mpps 0, - - €y = =0y, A rotation sbout the
origin through /2 radisns also miaps e, info &z and mops e into ~ey, Since g linenr trans formuation kg
completely determined by it it does 10 the columng of iz belentity mutrix. the rowation Irinsfarmation
hns the same effect as 7 on every vector in 7

3. Since (2, 1) = 2¢, + e the mage of (2, 1) under Tz 2 e+ Tes), by linearity of T, On il figsuine iy thyis
exercisg, locate 277, ) and use it w ith Te: ) to form the parntielogrum shown bejow.




51« Sahitpne

0 For =1: g-ya|® 01 )[4 o
2 S0hy o P e

o0
Tl augmerited thatrix for {4 - f1% =0 iy F |

2.0 0

]. Thus % =0 and «, is frec. Tha genenul solution

il
af (A= )x =0 is Y3, whero ¢, =[r}. ind 80 &, s a basis for the elgenspace correspanding 1o the
eigenvalue |1,

& o ;
For d=5: A-$/= ﬂJ_[S uJ:[u “

S I s 1 B R
The equation (A=51x =1 leads 1o 24 =dx. =0, 5o ihat H =25 and xy in free. The general solution
i .TI .J..I'J 1 2 . :-’- 5 i & 5
i5 = =Xk L So 15 & basis for the Cigetispace,
a1 G L I

- I =g P |
W, For A=4. .r-!—-'Ju"—[‘l *1]—}:‘” |

6 -9
RERRY: J
: o =3 q I =0/ 0 .
i A= il - . 1= (32%0
The augmented matrix for (A=af)x =0 |y [4 5 [ﬂ 0 “] Thus 5 =3 iy and

, e | 2] [ : , ;
A 1s free. The penerul solution 1 |:r |=! L |[=® 0 f A basis for the SIEEnspaCe corresponding
Ao i - |

k1)
fin is[ IEJ- Another chojee ix [EJ
v [T VL g ] e
l.. —; —_ ™ =
o A=10 [ _] [IJ HIJ [—3 —I]

-1 g

= i
The augmented mateix for (A=10/)x =0 43 = ﬂ]= ERMAID < Thus o ={=1/3)x, and
=¥ =k 0pbies o o

: o I T S R
4y 18 free, The general anu!im:s[ '}J i =r:[

. ; | J A busis for the eigenspace
2 o

=[r3 &
cerresponding to 10 is [ ; J Another chofee is [ _,::[

R

'r‘l" For d=]y A=f=

L, o L T S O T S
Th.-uu,grrmule;l!mutrl:-t for (A—Fix=0 is [_3 3 I'JJ_LI j "J. Thu N = (=23, and

: b -273
&5 Is froe, A basis for the eigenspuce corresponding o | is

-2
TJ' Mmhurchuiceis[ ]
. T 4] Fay iy “: 4
' =5; 4-87= -~ - :
-ij' [—J ~I] [ﬂ il (=3 -ﬁJ
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B

ol 1 2 ¢
Sx=10 i [ ]
i -4

The nugmented i tor {4 |
0l [0 0 o

o | L o )Y | : 2
The gesieral solution iy 1 | J | A biasls for the elgenspice js ||
| 1:' |
8 Fop i,
|' L S 1 I Sy Y e [l'
I=1f=1=2 1 |8 ||':| | |'r| | e | A
| |
=2 0 1] {0 o ]I| 2 o 0
. 3 e =]
The equations far (. Fix=10 gre LY to solve:r | b
i =11

Row operations hardly: secin necos: My, QDbviously x 18 zero, and henss
three-varlables. so a0 45 frees The generil solution ar [l =fix

S0 B provitkes d basis for tha el Eenypce

LT

| Thus v

2%y mnd v,

45 s also zero. There arg
where e. = (0,10, and

Eord =2
[ 0 112 ‘0 a) |' a0 1
d=3r=1-3 ("ol 2 bf=l-2 al
-2 0 | 0 af = JI
[ uias ol piire % |JI I R |
lta=20y mj=f2 — o ol-lg | t;u| =
=2 0 - e o oo o lo: o g
[=1/2]
X = =1 2, Ty =2y, With &, Ihee, Fhe penetal solution ol (A-2x=01 5 _1..| |
P i)
|'-|i
vestor 1or' the eigénkpnee s | 2 |
| 2]
Fgrd=3;
| YN B B u'l |' L 0 T
(=3ral=2 | |[a v Qa2 -2 tJ|
-2 p rll !r: i) _:Il |-:' 0 -2
|' 0 1 0] St e a T (v R 0]
UA=3) 0)=(2 2 ¢ u|—|u -2 2 u|- TR ﬂl
=2 o -2 ql L0, 0 0 o Il_fr 0 )
|-I
K=y = with Vi freec A basis vector for the L'i].:u-nurm-uh| 1l

|. A e by
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fo o0 O
17, The eigenvalues of || 0 2 5| are0 2and _{, om the main dingonal, by Theorem L.
LH ] —d
4 0 n"\l
18, The eigenvalues of 10 O () wE 4.0, and =3, on the main dingonal, by Theorem 1
|1 0 -3
i A
19, The matrix || PR | i ot invertibie hegause 1is columins 4 linearly dependent. S0 the nusber 1
]

20,

2k

AL

14,

an eigenvalue of the matris. Geg the discussion following Example 5.

’

§ 5 5'\
e mateix A —-\ § 5 5| isnal invertible because 115 colwmns are linearly dependent. So the TR
Ls 5 3|
ts i elgenvalue af A, Eipenvectors fof thie elgenvalue U ore solutions of Ax=1 and therefope have

entrkes that produce 2 linear dependence relation among the columins of . Any poniers vector (in 1]
whose entrics sum Lo () will work. Find any twa such veetors that are 1o ymultiples; for instance.
(Ll==) and (L=1.0 V¢

4. Fulse, The equation Ax = hx miust have d navirrivial solulion.

b, True, See the paragraph afies Example 3.

¢ True. Seethe disenssion of equation (31

4. True, See Example 2 aiadd 1he parngrapt preceding it. Also, see the Mumerical Nole,
¢, False. See e waming after Example 3.

a1, False. The veciar X in Ax=hx must he pramzer,

b, False. See Eaariple 4 for o swo-dinsensional Egenspiee, which containg fwo linesarly indepenss
eigenvecton correspondmg 10 the same eigenvalue. ‘The stutement given 18 ot ot nll the -"l.
Theoreent 2. 1n faet, 1118 ik s of Thearem 2 (for the case r= 2] 1

g, True. See the paragraph afier Example 1.
i, False, Theorem | cONCEmS i frfnguelar TVAEFIR. Qe Exnmples 3 g 4 for coumterexanples

¢, True. See thie paragriph (ollowing Example 3. The cipenspace of A corresponding 10 i, is thet
spuce of the matex A=

C1n 22 mutrix A were i ave thiee distinct eigenvalues. ihen by Theorem 2 thire would AN

three linearly independent gigenvectons Lone for ench igenvalueh This is impossible baocuiie (E
all belong (o o hvo-dimensfonal yector Space, il wiich any set of three vecioms is Jinearly 4
Thearem B in Caption 1.7, In general, \fan s matrx s o distinet cigenvalues, then by
there would be o linearly independent set of p Egenveciors (one [or each gipenvalue), Since
helong 10 a0 Adimensionul vector SPUCE, B cnnol exceed 1.

A simple example ol & 22 matrix with only one distinel eigenvalue is rriangiiar kT Wi
garme nimber on the dingonal. BY gxperimentation, one finds that (f such s matriy bs betually R
matrix then the i penapace 15 W dimensional, and atherwiss the elgenspiee is only e diEel

ra 114 5]
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25, I & 5 an elgenvalue of A, then there 15 a norzero vector % sueh that Ax=3x, Sinee 4 i5 invertible,
A7 A% = A7 (hx), nnd wo x = A(A7'%). Since X 0 {and since 4 is invertible), & connot be sero. Then
A7 ="', which-shows that 37 is an eigenvalie of 4,

Note: The Sy Gutfede points out here that the relation between the elgenvalues of A and 4™ is impartant in
the so-called imverse power method for estimating an éigenvalue of & matry. See Section 5.9,

26, Suppose thal 4 s the zero matrix. If Ax= Ax for some x 20, then A'x = A0 dx)= A(Ax}= My =%
Since x 48 noneero, & must be nonzero. This ench elgenvalue of 4 {s zer.
27, Use the Hing in the text o write, for any hid=0) =47 () = A" =3, Since (A=A0Y s invertible

ifand only i A = Af s invertible (by Theorem fic) in Section 2.2, it fallows thut' A7 =2 ik mot

invertible if and only if 4<0 {5 por invertible, That is, & is an eigenvalue of A" ifand only if A is an
cigenvalue of A,

Note: I you discuss Exercise 27, you might nsk stodents an o test to show that A ond A" have the same
chiracteristic polynomial (discussed in Section 5.2). Since det 4 = det 47, for ANy SCuane motrix A,

det{A— Wy =detl A=A = det{ 4™ — ()" = det(A =30,

8. IF A is lower triangular, then 47 is upper triangular and has the same dingonal entrics as A, Henee, by the

part of Theorem | already proved in the text, these tiagonal entries are eigenvalues of 4", By Exorcise
27, they afe alio elgenvalues of A.

29, Let v be the vector in R™ whose entrigs are all ones, Then Av = sv,

M. Suppose the column suns of an nxn mateix A all equal (he sume nuniber x. By Exercise 29 upplicd to
A" in place of 4, the number & is an eigenvalue of A", By Exercise 27, » 15 an eigenvalue of 4.

il ﬁllmifrﬁ.ﬂ I reflects points across {or through) o line that pisses through the origin, That line constats of ull
multiples of some nonzero vector v, The points.on this line do not move under the action of 4. So
TV} =v. Il 4 is the standard matrix of T, then Av=v. Thus v is an elgenvector of 4 cortesponding (o

the eigenvalue 1. The eipenspace is Span Iv]. Another eigenspace is generited by amy nonzero vector o
that is perpendicular to the ghven lne, ( Perpendicularity in R” should be o finiliar concept even though

orthogonality in R has not been discussed yet.) Each vector x on the line through w s transformed into
the vector =x. The elgenvalue iz -1,

5:13- { The solution is given in the rext.)

o, Replace &by £+ 1 in the definition of x;, snd obtain x,,, =a A" w4 ey,
b dx, = Al A us cu'v)

=ed  Au+e it Av by lincarity

= d At e g’ gy sinee u and v are eigenvectors

=Xin
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34, You could try to write x; a5 limeir combination of eigenvectons, Vi, .. ¥ &y, ook, are

corresponding el penvalues, and il X, =y, +oo 40 v, Ihen you could defim
1:1) ron

Sl [ LTI
t“--ll.-':."ill' I'I.I'Af‘ll'

Tia thvke e, Toe k=003,
A%, = Ale A4y, 4ot "t:-"",--F
=i d vy Fevtre A Ay, Linearity
[he v, areeigenveciors.

e LI} 4 ]
S A TS e W

=K

i+

35, Using the Ggore in the exervise, plot Tu) as Ju, becouse u is an elgenvector for the eigenvalue 2 of the
stnndard mitrix 4. Likewise, plot Tivh as 3y, because v is un eigenvector for the eigenvalue 3, Since T3
is |inear, the imsge of w is TiWi=Tu+y)=Tlu)+iv) '

6, As in Exercise 35, Tin)==n and T{v)=3v because uand ¥ are eigenveciors for the eigenvalucs
~1 and 3, respectively, of the standord mainx 4. Sinee T i linear, the image of w is
Tiwle= T+ ¥ i=T{ay+T(v)

Mot The matrix programs supported by this text all have an eigenvalue command, In some cases, such g
MATLAB. the command can be structured 5o it provides eigenvectors as well as a list of the eigenvalusi &
this paint in the course, students should ner use the extra power that produces eigenvectars, Stisdents need
be reminded frequently that eigenvectors of 4 are null veetors ol a ranslste of 4. That 1s why the instructiong
lor Exercises 3538 tell students to use the method of Example 4,

It 15 my experience that nearly all students need munuoal practice finding gigenveciors by the method §
Example 4, ot Jeast in this section if not also in Sections 5.2 and 5.3, However, [M] exercises do creale
burden if eigenvectors must be found manually. For this reason, the data files for the text include o spe
command, ol bas s for each matrix program (MATLAB, Maple, ete. ). The output of nulbasis LA
4 matrix whose columns provide o hasis for the null space of 4, and these columns are identical 1o the ones)
student would fnd by row reductng the sugmented matrix [ A4 0, With nulbosts, student snswers will bedt
same (up 1o multiples) a4 those in the text | encournge my students to use technology 1o speed up i
numerlenl homework here, not just the [M] oxercises,

37, |M] Let A be the given matriv, Use the MATLAB commands 019 and nulbasdn (of equivalent
commands). The command =v =eig (A} computes.the three eigenvalues of A and stores them bn
veetor &v ., In this exercise, mv = (1 13,13), The eigenspace for the eigenvalue 3 is the null spuce of
A=3] Use nislbasis toproduce a basis for each null space. I the format is set for rational display
this Tesult §5

S|
mulbaglis{n-evili*teya(3) )= -2
|
5

“

For simplicity, scale the entries by 9. A basis for the cigenspace for A=l =2

19
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5.2  SOLUTIONS

Notos: Exercises 914 can be omitted, unless you want your stadents to have some facility with determinunts
of 3w} mutrices. In later sections, the text will provide eigenvalues when they ane needed for mitrices larger
than 2x 2. IF you discussed partitioned matnces in Section 2.4, you might wish 10 bring in Supplementary
Exercises 12-14 in Chapter 5. (Also, see Exercise 14 of Section 2.4.)

Exercises 25 and 27 support the subsection on dynamical systems. The galeulations in these exercises and
Example 5 prepare for the discussion in Section 5.6 aboul eigenvector decompositions.

s 2R S fa= &
"""2? 1]“‘ '“'['.r 2 [_n A '[ 7. 2=4
detl A=A )={2-A) =1 =d4—4h+A7 —40=0" - 4% - 45
In faclored Form, the characteristic equation is (A =94% 4 5) =10, w0 the cigenvalues of A are % and =5

1. The characieristic polynomial is

|
del{ A= AN = (5= A5=4)=3-3 = A ~104416

Since A =104 +16={A—8)A~=2), the eigenvalues of 4 are 8§ and 2,

[! i 84 i g AL
2. A= § _!..JI—JJ= = . The charactenstic polynomial is

I=4 -2
1 =4

!

| 42~
! -

13
3 A =]' l ] The choracteristic polynomial 18
AR
det{ A=Al ) =(3=AN=1=K)=(=2W1)=A" =2h -1
Lise the guadratic formuls to solve the charneteristio equation and find (he cigenvalues;

i '~|'|1'- 25 J g
an Bkl Jiﬂr=-i :”=I11.E

Ly

—

B —3'[ =1 =3
d, =} A=Al
i -4 3] 3.

det{ A — AN ={5-A3-A) - (-3 =" -8l +3
Use the quadratic formuln 1osolve the characteristic equation and find the eigenvalies:
=
A Ei:-,,llﬁ‘:l- 4{%1;:31'2111”- 'Hl'li'\lfj_l

-

-‘. The characrenstic polynomial af 4 &

[ty 2-A |
5 A=| ]. A=nf :|: ] The chamcteristic polynamial of 4 is
!__-I '11' ai : "I' - P-.
det( A=A m (2 =RH4 =R = (1}=1) = A" = 6h + 9= (L —3)
Thus, A has only one cigenvalue 3, with multiplicity 2,

i -4 -4
b A= ] A=At =[ |, The characteristic pealynomial is
14, 3. 4 B-2]

det(d = A1) = (3= A)E=A) =~ (=2 )= A" =114+ 40
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205

-4 3

1), det{A—Al=det| 3 h=d

| 1 2 b=4
charactenstic polynomial 35
det{ A=Al )= (=AY =AN-R)+ 322 {41:31 3=l (=2)1=2: 2 (~A)~(=A]) 33
e bFE+A+41 494 ==2" 4142412
gnts of zeros tn A makes a colactor expanston along the-first row h

w. From (he specinl formula for 33 determinints, the

ighly cflfective.

11. The specinl arrungem

P S . .
deild-A=det] -5 A=4 2 =H-J-Nﬂt[ 0 2-i
|| =2 { 1-4

== A3=mi2= A = (4= AHA =51+ 6) = A 04 —264-+724

y the sigenvilues were required, there would be no nead here o write the charactenistic polynon

1§ oml
in expanded form.

Mike & colictor exparaion along the third row:

i1,
=1-4- 0 Ll
] -1=4 n'|
detid=AN =det] =3 4=-A | t=(2=A)det
-3 4—4)
0 0 J—AJ .
s (2=A(-1- A= Ay= =4 4547 =248
{1, Make a cofietor expansion down the third column:
Pty W= S | o y
A=Ay det| -2 94 0 [=B-A)-de|" i
et A~ A1) (3-4) "[-z =

5 & 3-4
= (3~ AN = ANS=A)=(-2K-2)] =(3 — AW —154+350)
= 18 =952+ 150 or (3= ANA=3)NA-10)

14, Make a cofactor expansion along the seoond rows
[s-4 -2 I8 rag g
d-uu.-l-dﬁ:.icl{ B l=A 0 =11-£1-d-:1‘|_'5 'r-,.!]

g 0 T =2=d]
=;1-.J.]-1[5—-,h(—1-,1}—3-E]=|;1a.l]il’ -34-28)

et padl 425128 or (1=AHA=THALH)
Use the fact that the determinant of o wrinngilar matrix s the product of o dingonal entres:

[a=& =7 [\ P

0 3-4 =4 6 .

dh: 1= |-|.1 | :.Ii— ] = - -

(A=A =dat . A {4=-A3=-A(1-4)
] 1] ] =4

The ehgenvalues wre 4, 3,3, gl 1.




olynomial

A2« Salitiom Fl
6. The determinumt of o triangular mutrix i the product of its diagonal entries:
[5=4 0 o0
_':F = -'i ﬂ D ¥
det(A - 0) = det| 5 (5= AN - )1 - 2y
] 7 -4 0
1 =5 z 1-4

The eigenvalues are 5,1, 1, and -4,

7. The determingnt of triangular mutrix is

(3t

]

-

the product of its disgonal entriss:

0 i il
-5 =4 0 i i
3 8 0=4 0 0 [=G-2(1-2¥(=2)
O M= o
e | i -2 3=

The eigenvalues are 3, 3. 1. 1, uped (),

IR. Row reduce the o Ugmented matrix for dye equation (A-—5/jx={):

Go=2 & =1 07 [0 =3 O =l 0] [ ) =% g p
0. =2 K 0 p O 0 k=6 1 0 B 0 hes 0 0

0o 4ol o g 4 0100 b 10
o Safio i gl e 4 0 lo o o0 ol g

Fora two-dimensiong] eigenspace, the system above needs (wo froe varinhles, Thils

happens it and cnly
il fr= 6,

19, Since the edquntion det( 4= Af) m (A = AN o L

—A) holdsforall &, set % =0 and conclude that
det A=, h,,

20, det{ A" L) = detf 4T — 347

= el A =4Sy
=get(d— A1)

Transpaig property
Theorem 3¢}

21. a, False, See Example 1.
b. False, See Theorem 3,
€ True, See Theorem 3.
d. False, Sce the solution of Example 4,

22, a. Fulse, See the paragraph befire Theorem 3.

b False. See Thearen 3,

. True. See ihe parigraph belore Exampls 4,
. Fulse. See the warting after Theorem 4.

3, I 4 =0R. with O invertible, and if A =Ra,

then write 4 = O 'ORE =040, which shows that
o i similar o A4,
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L

b T =l FSIE =) =103 446 + 1
b, Let p and g be polynomials in Ly, and let ¢ be any sedlur. Then
F{pley o+ qley) = [e+SHpled + qledf=(r 4 Syple) 4= (f 4 Sheir)
=Tiple+Tigir))
Tle-pled = (=5 e-ple)]=e (1 +5)plr)
= Tpir

ard T 18w Hoear transformation,
rs]

& Lét B=1460 and C={11., ). Since T, ) =T =+ 500 =r+5, [T(h e = i Li
i
|0
. : 3 ;
since T(b ) =T(0={+ 5 =1" +5, [Tiby)]-= al and since

u.l
u'|

a § ] ” = F: "
Tih ) =T )=t +3)47 ) e 507, [P e =1L Thus the matrix for T relative 1o & nnd
| =

s [T [T [Tk ] ll: ; i
Lh o oa)
6. a; Tipi=2=t+ )+ (2= r )= 21430 ="+
b, Let p oand q be polynomiali in 7y, ond let o be any scalar, Then
Fipl) g =[p0e + qlo]+ e [pleo + gl
=[pley+ P piei]=laqlo - alo0]
=T+ gL
Tle-ple)d=le po]+ e (e pith]
w0 [pLE) 0 plr]
=+ Mpit)]
gl 15 @ linear transformilion,
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I
{
| & Lot B={l 5 and C={L61%2% ") | Sines Ty =T =14 2y = 4 LT =] |,
i}
1l
{l
| 1
| Likewise since Tihy)w Fif)m} (M) =1 4 LT )] =10 | and
"
I
. Likewise o o
. i

since 7', ) = T =1 i Nifd=4 4547, [Ty = ’ Thus the mistris for T relative o

i
{

1 0 0]
0 1 0
i and € iy | ENLT [Tl )] [P Hed=(t 0 1
il 37 1
0 0 ]
[3 If 0l
7. Sinog by ) =11 =J+5.r.[.?"{h-, Ny :F - Likewise sinee T(by )= T ==2p4 4:”.!Tfl|_, gy =2
0 4
0]

wnel sinee b i=Ti = A [(h, Ny = Li] Thus the matrix rEpres
L]
1 Ry
=S R | Perhaps a
J_ D4

il frm af 1y P} as shown in the Hgure b foyy:

entation of ¥ relptive toy the bayig

B s [H"n:l],}l],, [, )], [(by )], aster wiy is (o realize that de

fomation given provides the gener

ay Vet gt * i, +(Sg, - it M+ (A +a; )

ke UL LT
g i
|4:|'|| | LT TERTr : H“:'" |
| | —*{5a,~24; |
[
|n_. |

| 4ul| +a, |
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The matris thak fMpiemens she muliiplication along the botiom of the {igure 18 castly Tilled by

inspection.
[ II 1 -I| H &, | 'hl" r -3_ i) ”'Ii
|'.' T |I i, | = |3 S —2eh 1| implies that [T 14 —| -2 Ul
|L':' ] | 4, A1, 'HI | |_|'F 4 | |
3 (o =6 1"||’ 11 2]
& Since [y —4bals 2 | —4|. (7, = Ay M = (T30, —4h; Jx=| Y 5 =l |—}|=~—1U|
L 0] TS S

and T(3h, =4h; )= 24h, — 20h, +1 Th.

I"'I A= H [2]
gl e Tpr= o 5 A |=|5
| 54300 ] | %]
b, Let pand g be poly naminlein s, ond lete be any scalar. Then

Mip+q-11] fpt tp+qi-b] bt 1}| |ql--l_|\

Tip+ai=| P Fq )i pllﬂ + i) | Pl “qm ~rip) 4 Tl
| Ly RTHIAN \ L ]1I_l'|n|1|:| | | pily | | gil) |
TepH=-1] (¢ :m—m"l m—1}'|

Fieepy=| (e-pity [=| e (pli §=e plin |.-=--'r;|n
emin | Leipand | plly |

and-T 15 hinear transformation.

o Lt = .Iu.r.r 1 oand E= e 00 | he the syandard basts for 1 Since

T -1
[Tib )] = T =TI} = | Inl, [Tl ], s Tl ) =TLE) —|| ] | and [Tl -T[b;}='.l"lirm1
1| L1
B -1 1l
fhee matris for T relative 10 8 and & §s [FL [T e (TibNel=tl 0 I',I||
| o=l

{0, @ Let pandqbe polynomisls in 2. and let ¢ be any sealat, Then
|1].1-+r|:||.-1.f| [pi=3) +ql n'| rpi=31] [at=31
(pai- 1) |pl 1)+ ql=1) i - H| yi=1)

I | =Ti{p)+Taql
i |‘|_l,.lH.'|_H|}|| | pli)+qlly | |'p-{|fl| |l.‘;|.5|'|| ! -

|, (p i | | pi3r+ald | L p(3) | a3 |
(e pH=3)] Fepian| [RO]
Tie ) |'if'i"ﬂ-l1| letp=I0 ) _ | b ) e
[ J = = 78 =Ly
PEE1 e gy | P

| il 1) | pLh |
i) | | e (P3N |, |__FP[1']'J

and T is i linear {ransfarmatiarn.,

4



