CHAPTER 2 FIRST-ORDER SYSTEMS
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EXERCISES FOR SECTION 2.3

1. To check that dx /dt = 2x + 2y, we compute both
dx
S )
dt -
2x +2y =4’ —2e' =2¢.
To check that dy/dt = x + 3y, we compute both

4. o

de

£l

x +3y=2¢ —3¢ = —¢'.
Both equations are satisfied for all 7. Hence (x (), y(2)) is a solution.
2. To check that dx /dt = 2x + 2y, we compute both

dx
et 6 2t t
rr el
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and
2x +2y = 6% + 2¢' — 2e’ + 2eM = Ge¥ 1 2pH

Since the results of these two calculations do not agree, the first equation in the system is not satisfied
and (x(z), y(¢)) is not a solution.

)

3. To check that dx /dt = 2x + 2y, we compute both

dx
= t = 4t
= e e
and
2x+42y =lel w0t L oM 5t

Since the results of these two calculations do not agree, the first equation in the system is not satisfied,
and (x(2), y(¢)) is not a solution.

4. To check that dx /dt = 2x + 2 Y, we compute both
d—): = 4¢’ + 4¢¥
and
2x +2y =8¢ + 2™ — de’ +2¢% = 4! 4 4"
To check that dy /dt = x + 3 ¥, we compute both

d
d—f = —2¢' +4e™,
and
XhBye=de LoV Gl 3.t o 5 +4e%,
Both equations are satisfied for all t. Hence (x(2), y(¢)) is a solution.

5. The second equation in the system is dy/dt = —y, and from Section 1.1, we know that y(z) must be
a function of the form Yoe™, where yj is the initial value.

6. Yes. You can always show that a given function is a solution by verifying the equations directly (as
in Exercises 1-4).
To check that dx /dt = 2x + ¥, we compute both

d—j =8e* !
and
Dty =Red Loyt g s et L g T +é.
To check that dy /dt = —Y, we compute both

dy_

= 3"
dt =

and
—y=-3e".

Both equations are satisfied for all ¢. Hence (x(¢), y(2)) is a solution.
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7. From the second equation, we know that y(¢) = kie" for some constant ki. Using this observation,
the first equation in the system can be rewritten as

dx
= =2x+ke.
dr :
This equation is a first-order linear equation, and we can derive the general solution using integrating
factors from Section 1.8 or using the Extended Linearity Principle from Appendix A.
For this equation the integrating factor is p = ¢—2'. If we begin with the equation

d
d_)lf =% —ikien

t

and multiply both sides by p, we obtain

= dx 2 5
& (E—Zx)=e 2’(k1e )

which reduces to

Integrating both sides, we have

where k> is a constant of integration. Multiplying both sides by €', we obtain

k
x(t) = ——31-e—’ dekseth.

8. (a) No. Given the general solution

k
(kzezt — —31-e—', kle—t> :

the function y(t) = 3e~" implies that k; = 3. But this choice of k1 implies that the coefficient
of e~! in the formula for x(¢) is —1 rather than +1. i

(b) To determine that Y (¢) is not a solution without reference to the general solution, we check the‘b.
equation dx /dt =2x + y. We compute both

dx
dt

= —e-'

and
2x+y=2e"+3e".

Since these two functions are not equal, Y(¢) is nota solution.







