| > 24/2, and repeated
‘we see that we have a
< 0, and spiral source if

igenvalues, at a = 2+/2,
. we have a center.

the lrace~clelerminantj__
0 points—at (T, D) =

rminant and a negative
I sinks. Ifa = —1,
complex eigenvalues
Ifa = 0, we have a
0, the corresponding
S.
I’nvalues, and ata = 0,
entirely composed of

the trace-determinant
points—at (7', D) =

minant and a negati
2al sinks. If a =
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S€ portraits are spiral sinks. If ¢ — 0, we have a
ine of equilibrium points. Finally, if @ > 0, the corresponding

-axis, and the phase portraits are saddles,
(¢) Bifurcations occur ata =

—4, where we have a sink with repeated eigenvalues, and at g — 0,
where we have zero as a repeated eigenvalue. For g — 0, the y-axis is entirely composed of
equilibrium points.

5. (a)

(b) The curve in the trace-determinant
in the half-plane y=<0.
A glance at the trace-determinant plane shows that fo,
the eigenvalues are 0 and |. Ifa=—], the eigenvalues are 0 and —|.

(¢) Bifurcations occuronly ata = 41, For these two specia
rium points. The nonzero equilibrium p

plane is the portion of the unit circle centered at 0 that lies
r-l<a< L, we have a saddle. If g — I,

I values of a, we have a line of equilib-
oints disappear if —] < g < L.

6. (a) D
7
-3 3

(c) There are no bifurcations, since the ori
a =0, by the way.)
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If (a — 1)> + 4b < 0, we have complex eigenvalues with real parts (a + 1)/2. Soifa < —1, we
have a spiral sink; if a > —1, we have a spiral source; and if @ = —1, we have a center.

The systems with zero determinant for this family satisfies a = b since D = a — b. If a > b,
D > 0,and if a < b, we have D < 0. So in the case of real eigenvalues ((a — l)2 +4b > 0),
we have a saddle if a < b because D < 0. If we graph the line b = a together with the parabola
(a — 1)> + 4b = 0, we see that they are tangent at the point (—1, —1). The regions between the line
a = b and the parabola (a — 1)? + 4b = 0 give the places where we have sinks or sources with real

;
eigenvalues. If a > —1 in this region, then both eigenvalues are positive, so we have a source. If
a < —1 in this region, then both eigenvalues are negative (a sink). If (a, b) = (—1, —1), we have
in the trace-determinant repeated zero eigenvalues. Whew! That was a toughie! It is worthwhile to draw a picture of the
curve in -

ab-plane.

9. The eigenvalues are roots of the equation A> — 2aX + a? — b% = 0. These roots are

a+ b2 =a=+bl.

So we have a repeated zero eigenvalue ifa = b = 0.

If a = £b, then one of the eigenvalues is 0, and as long as a # 0 (so b # 0), the other eigenvalue
is nonzero.

The eigenvalues are repeated (both equal to @) if 5 = 0. The eigenvalues are never complex
since +/b2 > 0.

Ifa > |b|, thena % |b| > 0, so we have a source with real eigenvalues. If a < 0 and —a > |b]|,
then a £ |b| < 0, so we have a sink with real eigenvalues. In all other cases we have a saddle.

ola (the parabola D = T2/4)if

10. The eigenvalues are roots of the equation A> — 2ax + a2 + b> = 0. They are a + ib. Hence we
have complex roots if b # 0. If b # 0 and a < 0, the phase portrait is a spiral sink; if a = 0, the
phase portrait is a center; and if @ > 0, the phase portrait is a spiral source. If b = 0, a is a repeated
eigenvalue (repeated O eigenvalue if @ = 0, source if @ > 0, and sink if a < 0).

11 (a) This second-order equation is equivalent to the system

dy =
.e-determinant plane, we se€ ha “_
le1f0<a<lsmceO<T< ﬂ=~3y_bv.
2. o
= here W . . . |
e . Therefore, T = —b and D = 3. So the corresponding curve in the trace-determinant plane is
. D =3.

: o :

y ¥ 1S

- T 3/

wi(a — D24+4b =0, and real 3
walues, analogous to the pa .
t this curve is a parabola o
is parabola, if @ < —1, the ‘
sitive; if @ = _1 both eigeni@ - (© The line D = 3 in the trace-determinant plane crosses the repeated-eigenvalue parabola

D = T?/4 if b*> = 12, which implies that b = 2+/3 since b is a nonnegative parameter. If
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b = 0, we have pure imaginary eigenvalues—the undamped case. If 0 < b < 24/3, the
eigenvalues are complex with a negative real part—the underdamped case. If b = 24/3, the
eigenvalues are repeated and negative—the critically damped case. Finally, if b > 24/3, the
eigenvalues are real and negative—the overdamped case.

12. (a) This second-order equation is equivalent to the system

dy

— =D

dt

dv

dt :
Therefore, T = —2 and D = k. So the curve in the trace-determinant plane is the vertical line
F==2 ,

(b)

—i—kyi—2u;

(¢) The line T = —2 meets the parabola D = T2/4 at (T, D) = (=2, 1), which corresponds
k — 1. From the trace-determinant plane, we see that we have a sink with real eigenvalue
0 < k < 1, repeated eigenvalues if k = 1, and complex eigenvalues if k > 1. Therefore,
oscillator is overdamped if 0 < k < 1, critically damped if k = 1, and underdamped if k

13. (a) The second-order equation reduces to the first-order system

5 5
dt
dv 2

—=—Zy+—v.
dt my m

Hence T = —1/m, D = 2/m, and as the parameter m varies, the systems move alongh
= —2T in the second quadrant of the trace-determinant plane.

(b) D
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f 0 b < 2+/3, the (c) The line D = —2T intersects the repeated-eigenvalue parabola D = T2/4 at the point (T, D)
case <If b = 2«/5’ the that satisfies —27 = T2/4. We have
o 24/3, the T2 T
nally, if b > 2v/3 T 2T =T(—+2) =0,
4 4
which yields T = 0or 7 = —g.
For-8 =T =0 the system is underdamped; for 7 — —8, the system is critically damped;
and for T < —8, the system is overdamped. Since T = —]

/m, the system is overdamped if

0<m < 1/8;itis critically d erdamped if m > 1/8.

amped if m = 1/8; and it is und

14. (a) In Animation A, slides 0-11 are saddles, and slides 12-20 in
Slides 21-23 are sources with

distinct real ei
values, and slides 25-32 are spiral sources.

D

clude a line of equilibrium points.

genvalues, slide 24 is a source with repeated eigen-
lane is the vertical line

!

s with distinct real eigenvalues, slide 8 is a sink with re-
15 are spiral sinks. Slide 16 is a center. Then slides 17
e with repeated eigenvalues, and slides 25

(b) In Animation B, slides 0-7 are sink
peated eigenvalues, and slides 9—
spiral sources, slide 24 is a sourc
distinct real eigenvalues.

—23 are

—32 are sources with
, which corresponds to |

vith real eigenvalues if ‘
k > 1. Therefore, the
nderdamped if £ > 1.

(¢) In Animation C, slides 0-15 are saddles, and slide 16 includes a line of equilibrium points.
Slides 17-19 are sinks with distinct re

al eigenvalues, slide 20 is a sink with repeated eigenval-
ues, and slides 21-32 are spiral sinks.
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