Determinants

3.1 SOLUTIONS

Notes: If time is needed for other topics. this chapier may be omitted. Section 5.2 contuins enough
infoemation about determinants o support the discussion theie of the churnetenstic polviaominl of o mutes: In
section 3.1, some exercises in this section provide Practice in computing determinants, while others allow the
student to discover the propertics of detecminants which sl b Stdied in e next section, Deterninants are
developed through the cofsctor expansion, which is giveniin Theorem 1. Exercises 33-36 in thiv section
priwide the firststep i the inductive proal of Theorem 3 {n the next kecthon.

A "Checkpoin™ in the Sy Guide leads students o discover thal it the Ath calumm of the identity matrix is
replaced by o vector x, then the determinmnt of the resulting matrix is thie Eh eniry of x. This i is ased in (he
prool of Cramser’s Rule, in Sevtion 3,3,

L. Expand across ulong the fo row:

30, 4
L 3 3 {3
2 -3 2—-.‘1| =l + 4 [=A=13)+ 4D =]
i 5 = 0 =1 10 8
v -5 =
Expand dowin the second column:
3 D |
2 3 al=t=il? 'j'|cn"'%|'1 "”p sl H=3)=5(-2) =1
£ =L e = i—lp = =H=3=5-M=
Ty 0 -1 0 =1 it

2, Bxpamd scross the Flest row;

A, 31t 3ol e o]l |a=a
4 =3 Dl=0l 7 Ti=3 |-|| ""—-544;41433|_-z
. ¢ 4 ]| 2. 1 4

Expand down the second colum:
g 5 |

e - S | i i el LN |
4 =3 0|=(-1" 5‘ |+1_—|}"'-[—.1J! o o et | ==5{d)—H=2)-d(-d)=2
¥ 4 2 1] (4 1 4 0

3. Expand aeross the {irst row!

r 5 !

| B gl )
R I < =iy ‘3 = 2(=9) + 4(=5) # ()01 1) = =5
T s TS e
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1, First expand across the secand row, then expind either across the third row or down the second column

A2,

{13,

of the remuining mutrix.

W SR bEe
L A
RS R 2y "1*: £ g
= s m ) 2 =6 5
| | S 0 4
15 0 4 4

0, FE =
=(—3][I--Ij”"r T | et | 12 =31502) + 4-2)) = -6
5 S 5 _hjl (5(2)+ 42} =6
5
IR P
1 -2 2
g 0 ;
Yopalz -6 s
2 -6 =7 § < 51
5 0 4 -4

; e = - 2|
:l—."-J[[_—H“' (=2} 5 4 +:--]J-"‘-1—-t‘n‘1J“s 4 ] =(=IHHU=1T)=6(—6)]) ==

Falluwing the teat’s Instruction, & good strategy is 10 expand down the first column of the mateix, and

repeat the process until the determinant is expressed s the product of the disgonal entries of the original
mix:

-2 1 =
h =2 3 -7 e
m (=13 0 § | =3 ()t (=2 ]-3~-: 2) =11
1 el ) | =HENTER) ) o] AR -]
o b 3
o 0 0 2

OF course, with Theorem 2 available, the best strategy s 1o use it und simply compute the product of the
diggonal entries in the mutrix.

Following the text’s instruction, & good stratepy is o expand slong the first row of the mutrix, and-repeat
the proscess until the determinant is expressed as the product of the diagonal entries of the original matrix:

4 0 0 0

=1 B

ol 2 Plails 3 gl=d enl O =aen-9y=35

3 & 30 i = o | =M=
-8 4 -3

3 -4 4 =3

Cf course, with Theorem 2 avaifiable, the best strutepy is (0 use it and Simply compiite the prodoet of the
diagonal entries in the matris,

Firt expund elther across the second row or dewn the second column, Using the second now,

40 =7 3 =5

4 0 3 =5
na 2 4 D I Sy
T 3 =6 4 =B|m=p*tiz '
A 0 (2 -3
3 6 & 2 =3

i 0 -l 1;
00 9% =1 2
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Now expind down the second column (o fnd:

4 ‘0 3 =5
P S |
148 T 3 1 -8 1ta
(=1} -15 o) 2 3-—2 " Ve I L
=
0.0 =1 2
Now expand either down the fird colimn or aceoss thied row, Using the Tirst column.
o 4 ¥ -5 ‘l
| (i =8 s ML =8
ATy 2 9 =—ﬁl{—lh -4 i L=t L} P = (A1) = 5{1)) =0
g = :J o F=2

14, First expand either across the fosurh row or down the {ifth column, Using the i fuby corlumn,
6 A 224 0

30 204
grer=a, 10 :; AT
g5 ie T W=
o i
T 0 40,0 0
&2 3 2
AT T
Mow expand seross the third row 1o find:
7 3 4
e e ay
(=17 l=t] (=030 -4 |
300 000 Hey LS
doar g B P o
Finally, expand either down the first column or along secoml row. Ursingg the first column,
I3 2 4
byl j il |=4 1} L 2 d]
H=t'talo =4 1] =30 =0 -3] ! =D +2 I=:3n3:-1|1+1t!z¢}1=9
7 Al A pic] b
3 0 4
15,12 3 2f{= (A= (29000 4 (M 2N5] = (DNE3)R Ll e o B [
0 5 -
Be0+40-0-20-A1=1
i 3 I|
16. [4 =3 DOf= tm[—zun+1_.*-::mlz:-+mi-m4: (A=A L) = (TR = (1 H4H5) =
2 4
DE0+16—1-6)-0-20=
ia 4 3|
1T e 72 =lZHIHdIHle-l]il]ili-iﬂﬂ-}iljtm—HJH]LJ:I—HJ'DMZJ (=1H3AN-=h =
I A=l

L3Ry 36 -3 16-12=
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i .E."I.:! ake b kd
e 4 [F il
det E=1, dot A = aef — by,

del EA = Lu 4 kel = ofb 4 kd) = ad + bed — e ked = Vad = el = (det Edtdet A

_. MP M er]

.' F . i
35, .E=| ! Ij|- = il i

3. ga|! O X "' ‘
| Lk 1] ] kiete kbovd |
)

et £= |, det A = e = he;
det EA = n(kb + & = (ha + o My = Karh o qiel = kah < by = Iered = Bi) = (dlet B der AY

|?. | 15 5]
3T A -'|_" oy fA= vletA =2 dot 34 = 500 Sder A

el IU_.
. - o o

3. A= L | I 2 L L R T
| i ] I_l‘!l' el |

det RA = Lk el )~ (A0 k) = &7 (ad = i) = & kel A

39, w Troe. See the paragraph preceding the definition of the detenminant,
b. False: See the definition of cofacter, which precedes Theorem |,

4. n, False. See Theorem 1,
b Fulse, See Thesrem 2,

3
4l. The area of the parallelogram determined by u = !ﬁJ ¥ = “J' u & v, amd 0is 6, since the base of the

parallelogram hiss length 3 and the height of the parallelopram is 2, By the sume reasoning, the aren of

X d
: l e x amd s also oo,

3
the parailelogram determined by u= ” | X=

Xi

| A I e ,
Adsar ke that det o 1'J=dul[n _rl: fi. and det|w x}:d:af " ;i=|5. I'he determinant of the

matrty whose columng are those vectors which define the sides of the parallefogrim idjacent 1o 0 i equal
16 the ared of the parallelogram
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Chapeer 1 » Supplementary Exerciis: I

' R TR e
It ) A .1; =1 il i _,I'I =_1{?I|= ’]
N | £ & |

LV E Nl i o ey
d e g |
fg,' hog |n (- B @ b oy
M. la b pl= L . O F===Ty=7
|r§ B _I"-i i f‘[ Ll f
i (] L [l dr b
19, i2d+g 2k b “ftei=l2d 2 2 |=2fd & =27 )=]a
,x- f d B b F b
atd bte. eaf |':f B g
20, o ¢ F (=g & S1=7
I {f L J_l.,' ] 4'|
3 13U
2L Since (1 3 dle =10, the muix |y invertible,
TR
50 —l(
22, Bince || =4 =21=0, the MATX 1% oy invertihbl,
0 5 3
2 L] i M
23: Simcs || 7 5 0 0, the mateix is not inverth|
o Since =) : ;
3 5 6 0 BALFTX 15 g inverrhle
{) 7 - R |
4 =T 3
M. Since | 5 ¢ —5J=|Irtl.lh¢m!umuxuf the matrix fnrmnlineuri:r-iud:-wn:r:'nrm.
7 =8 9

23, Since [~ 5 Of==1#0), the colirns of the mgirt Iurmuﬂm:mi].- Inclememsitant can
= T .=
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_ ik
B =
Sinee
=0 i
i }

0

-3

o True. Sec Theorem 3
b, True, See the pimgraph following Exatnple 2.
¢. True, See the paragruph fallowing Theoremi 4.,
d. False, See the wimlng following Example 5

. True: See Thedrem 3,

i
-0, the colmns of the matnx form i linearly dependent sek.

b, Fulse. See the paragraphs following Example 2,
¢, Fulse-See Example 3.
d. False, See Theorem 3.

. Suppose (he two Fows of 8 54

determinant, det A=—det AT
by applying the above result 10 AT anid wsing Theorem 5.

. By Theorem b, det B = (det B = (~2) =32,

e kb A are equal, By swopping Ihese two rows, the matrix A 500l

changisel 80 it determinant <hould ot change. But since swapping rows chimges the sign of the

his 1s only poxsible if det A = 0, The sume may be proven ime (or colwmns

. By Thevrem 6, {det Aot A7y =det =1 50 det A =1/det A,

. By factoring an rout af ench of the i rows, det(rd) = rdet A
_ By Theoren 6, det AR = (et AMdet #) = (det Bidet Ay = det BA.

By Theorem 6 and Exereise al,

et PAP y= (det PHdel AMetet P 1=(det Pifdet P idet A)

= {det P)

= dat A

(

Il— {(derA)=ldetA

| deLP

By Theorem 6 and Thearem 3, QELUITE (et G et y = et 17, Since grr=1,

Aot w det F= 1, 50 (et d7 7 =1, Thus det V% B

By Theoeem fi det A" = (et AP Sinee der A’ =0, then (det AY =0 Thios det A =D, and Aisnot
invertible by Theanem 4.

6O
By Theorem 2, det A= 3 and det B = & while AR =[” "J . Thus

detAB =2 =1k lil= {ler AW det B

. Compute det A =1 and det B=

6 1]
=2, Ao, Aﬂ':[ . l‘rj'ﬂm* det AR =0=
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39, . By Theorem 6, det AB = (det A)(dat By= 4 —J3==12

4.

41.

41

b. By Excrcise 32, det54 =5 det A = 125 %4= 500
¢, By Theoram 5, det = det f1= -3

. By Exercise 31, det A =1/det A =1/4,

¢. By Theorem 6, det A" = (o1 4) = 47 = 4.,

. By Theorem 6, det AR = (det AXdet B) =~ %2 = =l

b, By Theorem s, devf =(det By =2 =37

€. By Exercise 32, det2A =2'det A =[x =) =—]&

d. By Theorems Sand 6. det A" A= (det A" Ndet A) = {(det AN et Al =] =1

e BY Thearem 6 und Exercise 31,
det B~ AR = (det B )idot A (et §) = (Hddet B i cdet Addet Bymdet A = =1,

det A =lay opd = efh £ 11= el + el = o - of = Qe = ) 4 (o =) = det B+ det

bk o)
& 1
it (A + )= det A+ det B nd only ife+d=0,

dét(A+1) s ={l+d)il+d]=ch=l+a+d+ud —ch=dst A g4 d 4 det & 40

A3 Compute dot A by using i cofetor expunsdon down the third column:

et A= (1, 4 by et A =it b v et Ay 4 [y 4o et Mg
=wet A —udet Ay, +endet Ay + vided A —vatlet Ay + pdet s,
=det B+ der

M, By Theorem 5, det AE =det{AE)", Since (AE)Y = ETA! et AE=det( ETATY. Now ET i itkelf an

elementary matris, so by the prool of Theorem 3, deti & AT V= (det B Webet A” ). This 1t is troe that
dit AR = et £ Mder AT, and by applving Theorem 5, det AE = (doy & Mdet A),

-iE IM] Answers will vary, but will sliow tial det AT A always equals O while det AAT should seldom be

ero. Tosee why A" A shouhd not be invertible (and thius det A" A =0 ), let A be o nutel with more
Columas than mows. Then the columns of A riist be linearly dependent, so the equittion Ax = 0 must have
anen-trivial soluthon x. Thus (A" A)x = Altaxi=A"0 =0, and the equation (A" A% =0 hasa
ki-fvil solution, Since A" A {0 square matrix, the Invertible Matrix Theorem now says tht A" A I
0k invertible. Notice that the same argument will nor work in general for AAT, since A" his maore rows
Ahan golumiv, o its columns dre not auematicall ¥ Hnurly dependent,

M Compute et A = 1 and cond A = 23683 Nots that this ks the £y condition number which is wsed in
SSeetion 2.3, Since det A =0, itis invertible and

19 —14 1
|59 0 -3 9g
| 267 195 | -o%

=298 203 -1 94
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Since derA=1%" +45= 1505 & 3y 0 for all valoes of 5, the systert will have a tnigue solution for all
values of 5 For such s system, the sofution will be
det A (b) 15 +10 _ 3r+d _detAyibl _ bs—27 =9

S p—

& = A kil e e e
=TT A 1M As) MR aA 150243 St 4+

-2 -
- The system i equivalent i Ax= b, where A =[: ﬁ: l and b ;[ 4] . Compute

A b =1 =]
[}

4 !3-.1J
Gimce dot A = 05" + 6w ba{x4 1)} for s = (0, =1, the ystem will hive i tmigue solution when @ —1.

For such m system, the solution will he
detA(h) 23 1 _detdy(b)_ dxd

= = - = ’
der A Bala=+i Ma+1) det' A fiil s +11

5 =]
..-'I,I:hil‘—-[; 4J.dl.-'|.|-'\|[hﬁ=3-‘F.E|i1--"!-;-{h}=-4-'l'+3.

.

5=

. , ax | |
The system is equivalent (o Ax= b, where A =[ ; e ~‘ aniel Iy =[_l. Campule
) 5 f. r

r

| I 23 T :
e‘q,iluull mj.ﬂ,ﬁh‘ﬁ[& 2],:!:1A|Ih]=fa;a2.deh‘t!Lh}z'_::.

Since detA =127 =35=Js{ds= 11 =0 for = 0,144, the sysiem will have & unigque solution when
011/, Forsuch a system, the salution will be

- =d|:[.."|..[hb= ae=2 =t1r.'t.-'1._1_1h]= el ik

T OetA ade=1) detA | Baids—1) Hds—T)

Since det A = 3 and the cofwctors of the piven imateis are

- o o, r_|3u 1.r—3'mq
Lol e il U sl L|"'
F_—z =M ; 0/ =1)__ 10 e 0 =2 .
EE e e o Blthe 17T
P i | EO = A= e e 0 2| .
] iy - = =iy
Al LR | S < 2 i Lyt S
| b 1 0 I go g3
adjA=i=3 =1 <3| and A s e ljA=| =1 =113 1
dhe
3 X8 4 [
Since der A =5 tnd the cofactors of the given TR are
r__I_-z A e e Pl 2|
D= =100 oy 1
I3 (I N
L., =— =, Chy= =, Oy == =],
o Y g |n' n\ ot 1
| 17 3 ) |L 3 |
TR N Caxels (% T - i
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-1 =1 o]
o i Zh, Bpebai)
Hence by Theorem 9, #={Rav, Imy, Rev, Imy,|= S und

| =4 f !
¢ol o g Other cholces ané possible, but € must equal P AP,
Lo o i

5.6 SOLUTIONS

1. The exereise does not specily the matrix A, but only lists the eigenvalues 3 and 173, nnd the

Wl Fes
chFresponding eigenvecion v, =/ and ¥y ”[

|1

wof ¥ nnd vy, That is, find ¢ and ¢ such thist

*
| Ao, X =

. To fnd the action of 4 o X, EXPress X, i tem
X, =¥, +cp Ve Thin s certainly possible hecnuse the eigenvecton ¥, and v, are hinearly
independent (by inspection and also because they cormespond Lo distimct ¢lgen values) und hende fomn
o basts for RY, (Two linearly independent voclons in R® automatically span R ) The row reductian
i |'| -1 u] i A ,

Wi Ve B - shows that x; = 5v, —#v,. Since v, and vy are
- (P T
eygenvectors (for the eigenvalues 3 and 1/3);
- ] & i
xy = Ay =54, =4 Ay, =53V, =4 :(1F)¥; = E: [‘jf;Ju Lj‘:fﬂ

the v, term s multiplied by the elpenviloe

b, Each time .4 acts on o linear combination of v, snd 5,
3 and the v, term s multiplied by the eigenvilua 173:

Xy =A% A5y, —ikli 3w, | = S(3 v, — 8(1/3) ¥,

1o general, x, =500 v =413 vy, for k20,

[ [ 2] -3

3. The vectors v =| Divg={ 1ivi=] 3 | are eigenvectors of o 333 matnx A, corresponding o
o e
e |
elpenvalues 3, 45, and 375, respectively. Also, X, = _= | To describe the solution of the equation
3

xi o =aAxy (k=12 .0 firsd wrile X, i terms of the glgenvedions,
[1 4 =3 -Z] [ 00 7
%=l 0 1 = =si-poiarisd
~3 =5 7T .Il oo o 2

vy ¥ ¥,
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Ly,
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13,
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CHAFTER 6 » Orthponality sid §egsi SRreE

ra

Ll J v = ow = {3t nF s = 35,

1.-5

- Acumit vector in the direction of the given vector i

| (=307 1 [=307 [=3r%]

Ji=30) +apf | 40 30| 40

A unit vector in the direction of the given vector ix

['_ﬁ'| _ﬁ'| —6/+/61 |
pr——r—— el
\J'[—ﬁ] N Lo 3‘.' _.w.'a
whis |
o A unit veetar in the tirection ol the glven vector |s
[m] (7747 |'ﬂ'f~."m|
|
e /2 = ll'"' =| 2/4/60
i —
#rw4rifuzr.4w J dmunw |4;J‘¢
A unit vector in the direction of the given vector ix
| B 8737 |'4xﬁi
Jomiizl 2" diwnl 2 L3
. I HFI _J I 1 5 - i
Since x = ;| ind y = [ SJ =y [E=[10-(=1f H=3={=5}" =125 sng dist (%, ¥

0]

|
v Since =5 {ind g={ -] |, =z |Paf0—(-d)) 4[5 (=D [ 2= 8] = 68 and

2| |

dist (u,2) = 68 = 2./17.

Since g+ b= 8(-2) & (=5 <) = -1 # U, 8 and b are nog arthogonal,
Sinee u. v = 12(2) + N =3+ (=543 =0 oand v are orthogonal,

Since o - V=349 4 2117+ (=300 =2)+ (68} =0, u and v an orthogonal.

CRINCE Y g = (AN Tl T+ 0-T) =1 %0, v and 'z iire not orthagonal,
19.

n, True. See the definition of Uy |
b, Trie, See Theorem 1)
¢ True. See the discussion of Figure 5

VI2§ =55



nl o = Salitfons 1)

L=t
d. False, {."uulﬂcn:-.turlmfu: |]
g 0
€. Truo. See the hoy following Ex iwrnple 6,

A, Troe, See Example | and Theorem 1q),
b. False. The ahsalie vilue sign iy nissing. Sep
¢, Trug, See the defintion of otthogonal comple
d, True. See ihe Pythungoreqy Theorem,
e. True. See Theorem 3.

the bax before Exainple 2,
ment,

21. Theorem Eih):

WA ¥-w=m+v w=(y = v iw=nu'ws ViWs oWy

The second and thind equalities wsed Theorerns by amd 2¢c),

respectively, from Section 2. I
Thearem fig):

22, Sines i g

i5 the sum of the squares of the entries in w, 41 1 21},
i and only

The sum of squares of n umbers 1§ e
il the numbers e themselves gop,

23, One computes that u . v = 2=7)+ (=5H 1) + (~136 = U [fuff=u. g =224 (=51 =1y =D,
I vif= ¥¥ (=T L L, aned w4 v [P a1 4 Vo v) =
(E TN =54 (<P 5 il e 6} =131,
24, One computes thiat
N+ P=(u+ vt vya

WUy +¥ev = uff 2 2u vt
and

W= ¥ [P =¥} (=) =g g 20 v 4 t'-*r'—'ﬂllfF—Eu-'l-'+|'!'-'||,|:
so

oy +|lu= 1-'|r’=|i'uﬂ: v v « lla]P =20 vi |f*r[|"=i*||'|||'|'“ w2 (v

25, When ?=[[:J. the sl £ of nll Voutins [:

thid sire oethagonal o v s the subspace of vectors whose

ENEes Satis fyax+ =0 1fa A then x =~ by W with v n free Viriable, and £ i5 4 line theough the:

o
ongin. A fatural chodes Tor a basis for H in (hix cane iy f [ IJ] ‘1. If = 0and b U, then by =0, Since

24in 4 line through the OIgin. A namural chojee

-| i

[[1]
for a basiy for i in thix case ix i‘r{.iJ !- bt
|

-
} ” 15 still o hagis Ior B sinee ¢ = Oand b =0 [l =0
il

andd &= 10), then ff = 52 Anee the equation Ox + O = 0 pluces no restrictions 06 £ Ory,

6. Theorem 2in Chapter 4 may be used o show that W s g subspace of §

+ becuuse Wis the il spice of
the | % 3 mairix u” Geometrically, Wis » plane through the rigin.
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27, 1y b onthigonnl 10w aid v, then v mo=y o v = 0, and henee by a property of the e product,
y-{u4+y)=y Uk ¥V 0= {1 = Thus ¥ is orthogonal 10 W+V.
a8, An arhitraey win Spanfu, v has the form W =+ o5 v . 10y 1§ oathogonal o 0 umicl v, vhen
u-y=v-y=0 By Theorem [thyand (&)
S RN TR N ST LU B eyl yi=0+40=0

29, A typleal vector in Whas (he form. wos e ¥y 4o eg¥ IF x is orthogonal w each v, then by Theorems
Lk amd e,

wom =16 W, Foa 0¥ 1Y =Ttk it § Bt LA b 0

S % 15 orthozonal o edch w in W

W@ IWzisin W, wisin W, and e 15 any scalar. then (eg) - = el - W el = 00, Since v s any clement of
W ozisin ¥ -
b, Let 7, ond 7, hein Wo, Then (o any o in Wo {z) £ 2;)-0 =8 -2, U = (}+0 =1 Thos 7, + 2, 18
i W

e Sinced s orthogomnl 0 every veclut, Oeia do W0 This W5 ke siihapace,

31, Suppose that ¥ i5in Woand W, Since xisin W, xis onthogonal 1o every vegtor in W, including x
isell. S0 x « X = (0, which happens only when x =1

a2, [M]
. One camputes that ||, I=[la; ll=llmy L=l fl=1 and that @ -a, =0 fori#.

b, Anssvers will viry, but it should be that [| Au jj= o | ek ff Aw | = 1L vl

e Answers will again vury. but the cosines should b equal

d. A conjecture |s that multiplying by A does nif change the lengths of vectors o the singles hetween
e L] g

-

. ! ; ! . L
33, | M] Answers o the calculatioms will vary, but will demonstrate that the mapping X —Ti{x} -[ — J\'
LR

' (fur v 2 0 i% 1 linear transformation. To confirm this, et % nd y be in £, and let ¢ beany scalar, Then

i i I

iy e, T R [ R s | X ¥ e - .

R A -‘-—|v=l 3 ¥ =|-—,vr[J'—|'r=Hm+f|y1
. Yy | Wi LW iyl

il
ik [exX) =V [e{mav) - b =
Fiiex) [ A l... | st - l‘-=||._i|+=|.|r““
' Viy | LAV

34, [M] e fnds tha
R

I 4 T 0 50 —1/3)

N=| ] n_ﬁﬂu 1 1.0 —4/3

(K | | AR 1,-_J.|
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14.

CHAFTER &+  Orihogonolity sold Leus) Sduaresy

Since g = O a6 0 {un,) i% pn orthogonol set. Since the vectons are non-ser, u, anil 1wy nre
linearly independent by Theorem 4, Two such vectors in = sutomatically form i basis for 2. So
[y, s} s an orthogonal hasis Tor " By Theorem 5,

Xl Ko iy 1 3
—y T — = == A==y
u n i, 2 4
Since oy my = o, ouy =, 0, =0 [ n isan orthogonal set. Since the vectors are non-zem, 0,
u,, and v, wre linearly independent by Theorem 4. Three such vectors in i’ automatically form a bask
for 1. Sa o, ueu, ] 1s anorthogonal basis for [0 By Theotem 3.

%=L, X, o X- 3 3 =
e ] il ey =l = =W+ 2y
W, 1, Wy Wy WUy 2 2

Since o us =u 0, =g, =0, luy. 0505 is on orthogonal get. Since the Vectors are nom-2em, My,
t,, and oy dre lnearly independent by Theoram 4, Three such vecton in " putcmatically form o busis

for = So (u, .,y ) i an erthogonal basis for 3 ! Bv Theorem 5,
1 a | r

el 1 Xela XAl g | I
——ha b Ay == =y
TP TR L P P <R 3
1 | e - e
Lot y= ; and w =i The oregenal prijection of ¥ onto the Tine throngh o and the onginis thi
arthogonal projection of ¥ ontou, iwhed (His vectoris
N, 0 | Bre 21
el o |
T4 | RERSl- RSS2 B |

| | ']

Let-y=| iwnd w=; |
L LA

arthogonal projection of ¥ onto w, and this vector is

21

: |
Y= ——1 =] =
T omu % |_ H.'5 |

The arthogonal projection of ¥ onte w s
w43 =44
= } i==-=I01 = |

u-n (R Tl

The orthogonal projection of ¥ onte the line through v and the ongin is the

L

The component of ¥ orthogonal 1o w s
|4/5
8IS

e

It arthogonal prijection of ¥ onto w s

o 1415
j=tfe—p==u= :
[T T R TEl M



6.2 o Ralutlisng 4]

The component of y orthogonal o i
T3
L2875

Y=y

[=/5
| 8

15, The distance from ¥ to the line through wand the ogin is |y = € . One compuies that

= . [4/5
Thus Yoy :'3_ - ,-} |_ _”q]-l

. w3 afs] T 3]
I i - W e B
(R |_'. mln |_--t.fﬁ_|

50 || ¥ =¥ |l= V254 16725 = 1 i the desired distance,

16. The distance from y to the line through u and the odgin is ||y = § || One cOmputes it

Ba b N

M Ly = $ = 3659 = 335 is the desiied dismnics.

Vi I
I Letus=(1/3f v VoSinceu: va 0, (o, v) Isan orthogonl set, Fowever, [l J|:= =103 and
173 [129

5 P - i
I¥IF=v-¥=1/2, v (1, v) is not an onhonormel ser, The vectars waind ¥ may be normalized 1 form
the arthonarmal set

{Jw: J}w(
WFT

J3ral, ]

,|¢w3H_¢Eu

|'n1 g
I8 Lef u= -r=|—l Sincem«v==1 =0, {u, v} is nod an orthoganal seq.
uJ L 0]
- | B
19. Létn= HJL ¥ ¥ - Since w- v =0, {u, ) s a0 orthogonal set, Also, o [ v 1 st
i FJ

¥ lF= vev =1, s (w, v} s a0 orthomormal set,

2/3] [ 3]
20, Let ||=.| 3L va EIBJ. Since wey =0, {u, v| is an orhogonel set, However, Mo | = i om0 i
243 ¥

NvllP=vev=5/9, solw v}k mitan tiihonarmal set. The vectors u und v may be nomalized 1o foom
the rthoneomal ser

[ [[-zsﬂ 1145 |
TN ET M, =1 | M3LI24E
|

| i3l o
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9.

CHAPTER'G * Crthapoal ity and o=t Suares

[ 1o [ 15410 ENg
|

Let u |.i|'~.."ﬁ|.» _1/4/20 |, nd n=| if-."f.|.Sinc:u-v—-u-w=v-u=FJ,[:|.-.-,w|.|-.iu1
| 37420 | | 20 | | w2)

arthoponal set Also, fulf=wuo=1 vl =wv=1, and [ | oo o B (W v, W} ison

prthonormil et

I8 | | TVE ooy
1.4:ll|-|-1|'1JI1_H|. ¥ | o,

118 | | =12 23]

prd W | IF.’-l. Sincen y=u-W =y w=0 |u v, w]isan

L
orthogonil set. Also, |ulf=u:n=L v |f= w+w=1, and [w = waw =1 5048, ¥, w] ik an

orthondrmal set.

© g Troe. For example, the veclors and y In Exomple A are linearly independent biat ot crthogonil,

. True: The formulig fiow the wilghts are given in Theomem 3,

¢ False, See the paragraph following Example 3.

4. False, The matns must ilso be sqqiare, Seo the paragraph before Exnimiple 7
¢, Falue. See Bxample 4. The distance iy - 1l

g, True. Bup gvery arthogonal set of manzer Veciors i linearly independent. See Theorein 4.

k. Falsg. To be o honarmal, the vectors 15 5 st b unit vectors us well i heing orthogonal 10 e
uther.

¢ Troe, See Theorem Tluk
d. True, See the pargraph hefoee Example 3.
e. True. See the paragruph before Exprple 7.

. To prave part (), nise Lt

(LA (L y) i) (y) Ty =1y =%y

hecnuse L0 = 1 10y =X in pan (hy, (%) - (D) =« X, which implies purt (u). Part (ch ol the Tt
follows immediately fom part (),

A st of mnonEera orthosonil veelors must b linearly independent by ‘Thearem &, s0 i such n &El
WolE L Dosis Tor W, Thius W is an n-dimensional subspace of 5 ", and W=

L has arthonarml columns, then U8 =1 by Theoretn & IF L7 e nlso a square matrix, then th

equation UL =1 implies that L7 15 invertible by the Invertible Mot Theoreitl

I bs = p Grthogonal matrix, then 1 =L £ T, Since U 18 1he trnsperst of L7, Theor

applied to LT says thast g has orthogonal columns. I particulur, the colums of U wre lipenor
independent and henee formt & basis for 77 by the Invertitle Mutrx Theomem, That is, the rows ol
o hasis (an arthonormal basis) for B,

Sinee U and V are orthogonal, eochiis invertible. By Theorem b I Section 2.2, UV iy invertible d
vyt =y | vt w UV, where the finol equality holds by Theorem 3 in Section 2.4

tw a orthogonal s



