M CHAIPTTR S - Lhribsagamnlity i Leavk Syguares

8. Since u, Wy ==123=2=0 [y, U, ) I8 an orthogonul seq. By the Crthagonal Decomposition Theorem,
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9. Since u; My =00y = a0, =), (. g0y is an urthogonn) ser, By the Chithogom| Decomposition
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i ¥= ¥+ 2 whens 9 fxin Wind z is in W+,

L1, Note tha ¥y aned v, are arthoponal, The Best Approximation Theorem says tha ¥, which is the
arthogonal projection of Y outo W=_Span|v,\v.1, is the clasest point toy in W This YECTE is
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12, Note thi ¥y amd v.oore orthogonal, The Hest Appraximation Theorem savs thar § , which is the
arthegonal projection of Joouter W .‘-ip.mh-,,u_..l. 18 the closest poing o ¥ in W. This vector is
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By the Orthogoiul Decomposition Thearem, oy is e sum of avector in W= Spaniu,u; and o vector
v prihogenal o W, This exereise wks for the veclor v

[1] | n| | |'||"|

- (1 Wl

v o~ PRy =1, | = -Tu|:,|—'i ~| 145 |=14I5
11 s N -

o] |-2ss) {ass

Any multiple of the vector v will also be in WS

4. True. See the calculutions for %, m Exsmple 1 or the box after Example 6 in Section 6.1,

b. Troe. See the Orthogonal Decomposition Thearem

¢ Filse, See thi last paragruph in the proot of Theerem &, or see the second paragraph after the
staterment of Theorem 9.

d. Trie, See the box before the Best Approximation Thearem

¢. Trie, Theorem 10 applies to the column space W of L7 because the columns of LY are linearly
mdependent und hence fom a basis-for W

. True, See the prool of the Orthogonal Decomposition Theoramn,

b Troe. See the sibsection A Geometric Interpretation of the Oirthogonil Projection.”

¢ True. The orthgonal decomposition in Thearem & 15 iU,

d. Fulse. The Best Approximation Thearem says Ui (e Dizst approximation o ¥ 18 proje ¥

i False. This stternent bs only true iF % s in the column space of L I i > p. den the column space of

£rwill not be all of £°, 5o the statement Sannot b true for all x in 50

By thi Orthogonal Decomposition Theorem, sach % in 27 can be writen uniquely g5 X =+ u, with g in
R 4 ol i (R Ayt By Theorem 3 in Sectjon 6.1, (Row AV o Nul A, so wisin Nold,

Next, suppose Ax = b is consistent, Lerx be i solution and write x = p + o as above, Then
Ap=Aix-u)=Ax-Au= -1 = b, 40 the equation Ax = b has al least one solution p in Row A,

Finally, suppose that pund p, we basth i BowA snd both satisfy Ax = b Then pi=p, w1

Nul A= (Row AY". since Alp=m )= Ap=Ap;= b - = 0, The equations p=p, + (p=P;! and

p = p+ 0 both then decompose pas the sum of # vecetor in RowA and a vector in (Row Ay, By the
unigueeness of the orthosonal decomposition { Phearem Hi, p=py. and pis unigue

a. By hypothesis, the vecton Wy, ... W, e prirwise arthogonad, wid the Vectors ¥y, o ¥, AE
pairwise oihogonal Since w, 15 in W lor any /dud v b in W forany f, w;- ¥, =0 lor sy i qund
THUS [WeeeesWor ¥ V| farms an orthogonal set,

b, Forany ¥ in 27 write ¥ ¥ + 285 0 the Orthogonal Decomposition Thearent. with ¥ in
Woand & in W= . Thien thére exist scalars o, .y and d)tl, such that y =¥ +z =
G bt C W ) ¥y d v, . Thus e set (W ves Wop s Wiieias Vg | SPRLIS B

. Theset (Wi W Vvl i1s linearly independent by (a) and spans | " by (b, tnd is thus o Basts

&

for 1%, Hence dimW + dimW b = plig = dim 2%
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= X; ond compute that v, =

3. 8¢ v, =x, ond compute that ¥, =x, —

o [ Thus an orthogonal basis for W is

9,
-

v, =X, — (=2, = 6. Thus an onhogonal hasis for W is

4. Sel v, =x; and compute thot ¥, =%, ————

—

. Thus an orthogonal basis for Wis

4

L ol . i,
¥, =X =(=31v, =| _ |, Thusan arthogonal basis for Wis
Y ]

fi. Set ¥, =x, and compute that ¥ =X, —

0
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7o Since || v, 1= 30 and v, |l ,,-’5"7'}3=1J.-'.',13, At orthonormal basis for Wi
sis for Wi ' *w'__ur 216
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B. Since v, = /50 and %3l 54 = 345, an rthonormal bisis for Wiy
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9. Call the columns of the MAX %, ., and x, amd perform the Grim-Schimidy process on these vector

¥ =X,
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A
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W, Call the columns of ghe marx X, X, and Xy and perform the Gram-Schmidt process on these veetom:
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b, Compute

J 6 &[] i [42 <6T &
K T | i e
E(ATAN AT = [ﬁ 42 | ‘! 6 Elrr[—ﬁ fi =0,

| 2887 | -I.-’_'ii
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4. To find the nom| eeuations and to find X, compute

- B : =
A" A [I : II‘ '||I:
v "|| 134
..-1'I|I— || [h
3 =] l“ Lis
l‘ [ 2
8- The normal equations are (A% A= AT - 3 IJU J ['4‘{
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: 3 AT s
R={AT A} ,-H—“ 1IJ] |rj| [ J
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3. To find the Teast uqmuu saliations 1o Ax = b,
system A dx=47h:

compute and row reduce iy angmented matry fog e

4 24 1 5]
r.-'i'l.'l .-'-rh--|=| 2 20 i | =1 %
12 0 2 1o |u ()
=y -1
s all veetons of the form § = | <4 Tyl e the least-sguures solitions of Ax = b,

Lal f g

- To find the legst Suares sulutions o Ax= b, EHTALE andd row reduce the sugmented matrix lor the
system A" Ax = A')

6 1 3 H?T [k R R
[.-!"fl. :I"Ir]-ﬂ 3000 12g=0 | = -J|

,|_A 0 15[ lo o o |

5 J’—:'
SOl vectors of the form ¢ -|—I sl T B e e s e T o
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7. From Exercise 3, A ) ‘?| b= Ll and 3 _'1“"f| Sine
: Bl — [ = P A= i <4
S o 3l 113
2 8l e
[ -1| Ly 8 - e O T
e 3T s P
i ‘| i 3|||_-u3 gl [l i) ] 3
2 ) L2 Ll L2l -

the ledst squires error s || AR = b= J20 =25,

| 3 |5\ 1

& From Exerclie 4, A= | =1}, b \I cdd X I-I] Since
A 0| 2

rn al.. Ts] (4] I5] 7=

.{i--h=!l -tr]|-||‘—-|-u-|-|1|=|—|

0 ol el o) L2

thits Teast sequaires error is [ A% |- J6.

§, () Because the columns By and a1, of A are orthogonal, the method of Example 4 may be used (o fand
B . the orthogonal projection of b ento Col A

1:'l=l—]il:l| '!'—'ﬂ:ﬂ: =:HE+:I:|'I.I:=;- 1I|1 a L=l

(b} Thie vector & contains the wtghts which st be pluced on 8, and a@; (o produce b . These weights

q . : [27]
ure easily read from the above equistion, so % =|. T |

10, (2} Because the columns & and ns of A are orthtgonal, the method of Exsmple 4 may be used 1o fine

.. the orthogonal projection of b onto Gol A:

3 S ] l1 4
E= =i g, - 1 #:=}“|+%Hz=3 “ig] i i =‘—|
A %) L4

(b) The vector & contains the welghts which must he placed on oy nod o 10 produce b Theseweights

3
are easily read from the above equntion, so & -( ]

e |
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14, One compuies ti
ERRE

A ={'8E |.h- Au =| -4 |.|i'l:| ~Aufl= 424
L 2]

2]
[7] 2]
Zhb=Av=| 2| b= Av]. T
5]

Av =

—

sinee Au and Auw e eually close 1 b, and the orthogonul projection is the inine closest point in Col A

i b, mieither Au nor Av cin be the closest point in Col A 1o b
selution of Ax = h

i 3
15, The least squares solution sutisfies K% = O"h. Sinee £ ||_ll

tor the system may be row reduced 1o find
r - i s 1 T L

A h | | =
S S oo 1 <
i siv -I | o5 D least suires solotion ol Ax = h

¥

16, Thie Jeast squires solution watlslies RE= Qb Since § =

-

|
mitrix Lo thie system iy b rowe redluced to find

- f2. 1 1 10
T o hJ { s
' [0 -5 0

17421 201

iz | 9

|
and &0 X = | " i5 the leakt squares xolition of Ax =1,
L9
17. n. Trie, See the beginning ol the section,
b, True. See the comments ibout ecjwition {1,
¢, False, The tngcuakity points in the wrong ditection.
d. True. See Theorem 12
. True, See Theonem 14
1B. & True. See the Patagraph following the definiton of o least-neguares salutian,
h.

see Figure | and the parngraph preceding |1,
. True, See the discussion following equation (1)
d, False. The formula applies only when the columns of A are
e Fulse, See the comments aftar Exumple .

[ False. See the Numerical Meile,

2|
:] el {E.Irh=|

The distance from Ax 1o bis [ Ax — b ||

See the definition of n least-seguires solution

Fislse, I & i the least-squaires solution, then A % s the paint in the column space of A closest 1o I,

Fhus nedther n noey can be h:ul-.l.-_-.quun,-:-.

=

d
: I the nugmented matefx

“| nnd 0"t
IJ and '

(17421
[+ the gugmented
Al

lingarly independent. See Theorem |4
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b = Solitiomrs A6

19w WAx =0, then A" Ax = AT 0= 0. Thi shows that Nul A dw contatned in Nul AT A,

b, IF AT Ax =0, then x" A" Ax = x" D=1}, S0 (A% CAX) 0, which meins that NAx|" =0, and henee
Ax = I, This shows that Nul A A is contained in Nul A.

20. Suppose that Ax =0, Then A" Ax = AT0=0. Since A" A is tvertible, x must be 0, Flenee the columny of
A dre linearly independent,

2L, & ICA has lineardy independent columns, then the equation Ax-= (0 has only the trivial solution, By

Exercise 17, the oquation A” Ax o« 0 also hiis ol the trivinl solution. Sinee ATA 8 SUpUne irusis,
it must be inventible by the Invertible Matrix Theorem.

b, Since the u lneurdy fndependent eolumns of A belong 1o 2, m could mot be less thi .

. The b linearly independent columis of A form a bastk for Col Av w0 the ennkoal’ A s,

22, Note that A" A has n columns because A disen. Then by the Rank Theorem and Exercise [

rank A® A= n—dimMNul AT A= n ~ dirr Natl A= roank A

23. By Theorem 14, b = A% = A(AT A" AT, The matrix ACAT AV AT s sometimis called the Birgmmatein In

ELE IS,

24 Since in'this case A"A =1, the normal equations give % = ATh,

2

i 5 :
r:||— | |t-" whse solution is the setol all (x, vbsieh that & + =3
_||' | !I_

3
25, The normal equations e z

The solutions correspond o the points on the line midway between the Hnes x + v= 2 aml 5 + y =4,

6. [M] Using .7 usan approximotion for 272, @, « o, « 353515 gnd d =5, Using Y07 usan

approxinution for v2 72, a, =, = 35355339, il =3,

6.6  SOLUTIONS

Notes: This section is o volushle relerence for wny person who works with dats that requires. statistical
unalysis, Many graduate felds roquire such work. Science Students in parficular will benefit from Example 1.
The general lincar model und the subsequent examples nre simed ot studenis who may tike 0 multivirie
stiteatics course. That may include more students thin one might expect.

L. The design matmx X and the ohservation vector ¥ e
[ o

[
: K
‘1"[1 3 ¥ = s

|.L| 12]

nnd one can compute

: IE] fr] f
1 I e I_-|"|.|'._ [
XX L ¥ I

7 o
=TTy =
14 | | Tiet ity [

e =

Phe leust-squares line y= 4, + Hix Inthusy= 9 + dx
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Ringe det A= 55" 445= F5(x 4+ 320 Torall values of 5, the system will have a unigue solutica (i il

vilues of 1 For such & systein. the solution will be
det A () BT L A5l 2 et Agdb) 5;-47 A0

= i I‘_ -
det A I5[.¢1+1‘i} W Eayree R T +1:| = a0 4 3)

A

9, The sysiem is equivalent fo Ax = b, where ﬂ-={: “-l wid I:--l l Compute
. b

A (h)= I| bW }am L '”.de:a,:h}=:_.¢._-.1m.41un=-u L4,
iy

Singie I.1L'|. A=fy 6= Gstx+ 1) =0 fors=1, _ 1, thie system will have 4 unbgue solution when s #10, =1,

For such o systan, the solution will be

1=M=.~ = iy _detAyib) _45+3
T geA Batstl) mm'” Terd batetl)

By ok
10, The system is equivalent i Ax = b, where A =[ % m_l and b r-[_lr , Compule

b, 4 l".'.'r
.-‘l,[h}EL: ﬁ.t-]‘fh{m:]_:!x .]d.l.tﬂ[_h] fix = 2, det A, (b)) = 5.

Since det A =12¢" =35 =3a(ds—y=10 fors= 00,144, the system will have o umgue solution when

= (3,14, For such o apu.m, the mlut'uun will be

1 u:

T — e B
' mm 11{4;:-1}’ IR T T " 3ds=1)

11, Since det A =3 and the cofagtors of the given LR e

.o ::] . 50 i ]
"-||="]_2 _11=ﬁ E.'l:l"\ 2 _1\=—| & :=—~ y _l.='-'
: e I ke et s S R i R g
& s =3 _l\;n e =‘l“ '”|=a~3. % _|o u:]:n
=\ gl B e
g 1 0 i bk
adiasl-3 =1 =4 ma'—mmm— 1y =Lk
3 2500 | 21

12, Since det 4 =5 and (he cofuctons of the given mutrix are

2l Al 12 2

= g = !. E" = =
1 | 1 it lﬂ 0 - i¥ lu |'|n i
. I3 2 . 1 ch 0 c 5] |
s -1 ey = == iy =—1,

i E | S Iy TR L 1 T

i 3
kil — 4""_—-||I _||l-—.‘i-I Cyy ™




