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Integration by Parts

Text Reference: Section 5.4, p. 330

The purpose of this set of exercisesis to show how the matrix of alinear transformation relative to
abasis B may be used to find antiderivatives usually found using integration by parts.

Tofind [ ¢*¢' dt, the normal approach would be to integrate by parts twice, and find that
/tzet dt = t?e' — 2te' + 2¢' + C

However, linear algebracan be used to solve this problem. Look at theset B = {¢%¢’, te!, e'}. This
set may be shown to be linearly independent by the method used in Exercise 37 in Section 4.3:
start by assuming that

crt?el + eotel + esel =0

This equation must hold true for all real ¢. Choose three specific values for ¢: 0,1, and 2. This
generates the following system of equations:

C3 = 0
ec; + eca + ecs =
4e?c; + 2€%cy + €*cs = 0

jam)

Question:

1. Show that this system has only the trivial solution, and thusthat the set B = {t%¢’, te!, e'} is
linearly independent.

Since B = {t*¢', te!, e'} islinearly independent, it isabasisfor V' = Span{t?e’, te’, e'}. Now let
D be the differentiation operator; that is D(f) = f' for al functionsf in V. Recall from Section
4.2 that D isalinear transformation, and notice that D maps V' into V; that is, D(f) is a member
of V for al functionsf in V. Thus the matrix for D relative to B, which is denoted [ D] 5, exists.
By Equation 4 on page 328, this matrix may be calculated by computing

[D]s = [ [D(#%e")]z [D(te)]s [D(e)]g ]

Since D(t%e') = t?e! + 2te', D(te') = te' + ¢, and D(e') = €', it follows that

[D]s =

[an N NN
i =)
_ o O

The matrix [ D]z may be used to differentiate any member of V':
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Example: Find the derivativeof f(z) = 5¢%¢’ — 3te’ + 2¢'.

Solution: Since [f]z = (5, —3,2),

100 5 5
(Df]y=[Dlslfls= |2 1 0| | =3|=]| 7
01 1 2 —1

and f'(z) = 5t%e' + Tte' — €.
Question:

2. Usethismethod to find the derivative of f(x) = e’ 4 te' — 2¢3¢'.

Of course, antidifferentiation rather than differentiation is the issue of this problem set. To work
on that problem, notice that [ D]z is invertible because its determinant (which in this case is just
the product of its diagonal entries) is nonzero. It can be shown that in this case the operator D
is an invertible linear transformation on V' = Span{t%c’, tc!, e’} and the inverse of [D]5 is the
B-matrix of D~'. (Seethe Theoretica Exercises at the end of this set.) Thus theinverse of [D];
should be the B-matrix for the antidifferentiation operator on V. That is, if afunctionf isin V/,
then [D];'[f]s should be the B-coordinate vector for afunctionin VV whose derivativeisf. In the
example, technology or the agorithm in Section 2.2 of the text may be used to show that

1 0 0
Dlz'=1 -2 10
2 =11
so this matrix should be the matrix for the antidifferentiation operator relative to the basis 5. Thus

to find [ ¢2c' dt, first find the coordinate vector of ¢*¢" relative to B: [t?c']s = (1,0,0). Then
multiply to find

1 0071 1
2 1 0]|]0|=]-2],
2 -1 1|10 2

so the antiderivative of ¢%¢! in the vector space V' ist?c¢! — 2te' + 2¢'. From calculus, it is known
that all antiderivatives of ¢?c! havethe form¢2e! — 2te! + 2¢' + C for some constant C'.

Question:
3. Usethismethod to find the following antiderivatives:

a) [te'dt
b) [5t%c’ — 3¢’ dt
C) [ hel 4 teh — 2% dt
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Before other examples of this method are studied, note that the previous example was fortunate
because it turned out that the matrix D was invertible. Thisis not always the case.

Example: Consider the space V' = Span{l,¢,¢*}. This space has the basis B = {1,¢,*}.
Computing the B-matrix for the differentiation operator D on this space, it isfound that

Since [D]z is not an invertible matrix, the differentiation operator D is not invertible on V' =
Span{l,t,¢*}.

o OO

1
0
0

jenil NN ]

[Dls = [ [D(W)]s [DW)]s (D)) ] =[[0]5 s 25 ] = {

The same process may be used in other cases where integration by partswas used to find antideriva-
tives, if thereis abasis with respect to which the differentiation operator is invertible.

Questions.

4. Consider finding the antiderivative [ t°c'dt. Let B = {t°¢’, t?¢!, te', ¢'} and let V' be the
vector space of functions spanned by the functionsin B.
a) Show that the set B islinearly independent.
b) Show that the differentation operator D maps V' into V.
c) Find the matrix [ D] for the differentiation operator D.
d) Useyour technology to find [D] ;.
e) Use[D];" tofind [ 3¢ dt.
f) Find theantiderivativeof [(t*> — 1?4+t — 1)e’ dt.

5. Find an appropriate basis for computing [ ¢*¢ d¢ and then find the antiderivative.

6. Consider the set B = {t¢sint,tcost,sint,cost}. Let V be the vector space of functions
spanned by the functionsin 5.

a) Show that the set B islinearly independent.

b) Show that the differentation operator D maps V' into V.
c) Find the matrix [ D] for the differentiation operator D.
d) Useyour technology to find [D] ;.

€) Use[D];' tofind [tcostdt and [¢sintdt

7. Theantiderivatives [ e'sint dt and [ e’ cos ¢ dt arerather tricky to compute using integration
by parts. Using the set B = {e'sint, e’ cost}, find the matrix [ D] for the differentiation
operator D and use it to compute both antiderivatives.

This PDF has been optimized for printing.
An Addison-Wesley product. Copyright (c) 2003 Pearson Education, Inc.



Theoretical Exercises:

Thegoal of thisset of exercisesisto prove the following theorem, which isan anal ogue of Theorem
9in Section 2.3 of the text.

Theorem: Let 7' : V — V bealinear transformation, let B be abasisfor V and let [T] ;s be the
B-matrix for T'. Then 7' is an invertible transformation if and only if [77] 5 is an invertible matrix.
In that case, the linear transformation .5 whose B-matrix is [T] ;' is the unique function satisfying
T(S(v))=S(T(v)) fordlvinV.

This theorem will be proven by following these steps.

1. Let B ={by,b,,...,b,} beabasisforV andlet7T :V — Vand S : V — V belinear
transformations. It can be shown that the composite transformation 7' is also linear.

a) Write the B-matrix for the transformation 7'S..

b) Show that for each vector b; in 5, the 3-coordinate vector of (7'5)(b;) is
[T]5]S(b;)]s. Find an equation in Section 5.4 which justifies this.

c) Show that [1'S]s = [T']5]5]s. In words, the B-matrix of the composite transformation
TS isthe product of the 5 matrices of 7" and .S in the same order.

2. Suppose that 7" is an invertible linear transformation on V/, in the sense that thereis a linear
transformation S : V. — V such that 7'(S(v)) = S(T'(v)) = v for al v in V. (This
generalizesthe definition givenin Section 2.3 for V. = R™.) Thetransformation S is denoted
by 7-'. Let B = {by,by,...,b,} be abasis for V. Show that the B-matrix for T is
invertible and that the inverse of this matrix is[S]s = [T7']s.

This proves one implication in the theorem. To prove the other half, supposethat 7' : V — V' isa
linear transformation with an invertible B-matrix 1] 5. Define S : V. — V inthe following way.
Let vbeinV,andletx = [T];'[v]s. If

€1
T2

Ln

define
S(V) = l’lbl + l’gbz + ...+ l’nbn

3. Show that S isalinear transformation.
4. Show that T'(S(v)) = v foral vin V by showing that [T'(S(v))]s = [V]s.
5. Show that S(7'(v)) = v fordl vinV by showing that [S(7T'(v))]s = [V]s.

Acknowedgment: This exercise set is adapted from the article “Applications of Linear Algebra
in Calculus’ by Jack W. Rogers, Jr. in The American Mathematical Monthly, January 1997, pp.
20-26.
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